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ADVE,RTISEMENT. 

The fiiA three books of Dr Sim^ 
fon's treatife of the Conic Sec- 
tions are tranfl^ted into Eiiglilh, 
with a view to facilitate the ftudy 
of the higher Geometry. Thefe 
books contain as much of the doc- 



<^ ];rine as nfually enters iiito ^n aca- 
■* demical education : but if this fpe-i 
cimen ihall be found uCeful, and be. 
lionoured with the approbation of 
the Learned, the PubHc will be 
prefented with a tJ^anflation of the 
whole. A work compofed by a 
Briton, and which is ufeful over 
all Europe, would feem to be a 
proper and valuable, addition to the 
llock of Englifli Literature, 
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CONIC SECTIONS. 



BOOK I. 
Of the Parabola. 




DEFINITIONS. 

Straight line AB, and C a poiilt ^'g- ' 
without It, are given in pofi- 
tion. On the plane of AB, C 

there is placed a ruler DEF, having its 
fide DE applied to AB, and its other fide 
EF on the fame fide of AB with the point 
C. A firing FGC is taken equal in length 
to EF : and one end of this firing being 
fixed in F, and the other in C, a part of 
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i CONIC Sections. 

it FG is, by means of a pin G, brought 
clofe to the fide FE of the ruler ; then, 
the ftring being Jkept unifoianly itenfe by 
the pin, the fide DE of the ruler is moved 
along AB : And thus the jJoint of the pin^ 
as it moves onwards with the ruler, de- 
fcribes upon the plane a line, named the 
Parabola. TJijs %n^ may Ije ^|:t^^ed 
to a di(lanc6 from the point C, exceeding 
any given diilance, provided the length of 
the fide FE of the ruler employed, be 
greater than that ^iy^n 4iftaiice. 

II. The ftraight line AB is named the 

III. And the point C is named the focus 
„ of the parabola. 

I (j,j IV. A ftraight line perpendicular to the, 

dire(5lrix, is named a diametet; and the 
.jpoiAt v^bere a jiiaiwcter meets the parar 
bola, is named ,the vertex of tbcit 'diameter ; 
,^nd the dianieter which paiTes^throughYthe 
focus, is naiped the axjs of Jke pj^robola:^ 

and the vertex of the ^s is ^a^e^ the 
principal vertex. 

V. When a .ftraight line terminatefl 
both ways by a parabola, is bifedtpd j>jr.^a 

,,diamet?r, it is faid to be ordinately applied 

to 
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Book t. IThE Parabola* 3 

to that diameter ; or, it is named, iimply, 
an ordinate to that diameter. 

VL A ftraight line quadruple of that 
. fegment of a diameter which is intercept- 
ed between its vertex and the diredliix, is 
named the latus reBum^ or the parameter ^ of. 
that diameter. 

. VII. A ftraight line meeting a parabola 
only in one point, and which, when pro- 
duced both ways, falls without the para- 
bola, is laid to toiich the parabola in that 
|)oint. 

PROPOSITION t. Theorem. 

A ftraight line drawn perpendicu*- 
lar to the diredtrix from any 
point of a parabola, is equal to 
the ftraight line drawn to the 
focus from that fame point. 

Let G be a point in the parabola, and Y\g. i. 
GE a ftraight line perpendicular to the , 
diredlrix AB ; draw GC to the focus C, 
and let EF be equal to the length of that 
fide of the ruler which is on the fame 
fide of AB with the focus C : therefore 
EF is equal to the length of the ftring 

A 2 fGG: 



4 CONIC SECTIONS. 

FGC : take away the common ' part FG^ 
and the retnainder EG will be equal to the 
- remainder GC. 

• • ♦ 

Corollary. Hence that fegment of 
the axis which is intercepted between the 
focus and the diredlrix, is bifedled in the 
vertex of .the axis. Thus CB is bifeded 
in H. ' , 
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Fig. I. 
n. 2. 



PROP. II. Theor. 

If the diftance of any point frotA 
the focus of a parabola be equal 
to jthe perpendicular drawn from 
that point to the diredrix, that 
fame point is in the parabola. 

Let there be a parabola, the diredlrix of 
which is AB, and the focus C ; and let D 
be a point, the diftance of which from the 
focus is the ftraight line DC ; from D 
draw DE perpendicular to the diredlrix. 
If DC be equal to DE, the point D is in 
the parabola. 

From the center C, a.t the diftance CD, 

defcribe a circle, meeting the axis in the 

point F : let H be the vertex of the axis, 

I and 



iBookL The Paras^ola* \j 

and join CE: then, becaufeany two fides 
of a triangle are together greater [20. i. E*- 
lements of Euclid] than the third fide, CD, 
DE are together greater than CE ; much 
more, then, are they together [19. i.ElemJ 
greater than CB : but CD is equal to DE, as 
^Ifo CH [cor. 1. I.] to HB: therefore CD, 
that ii&^ CF, is^f eater than CH : the parabola, 
therefore, with refped to its vertex H, is 
within the circle GDE: of confequence, it 
inuft meet the circle fome where, fince it 
i^fiay be extended (dcf. i.] to a diftance from 
the focus C which Ihall exceed any given 
diftance. Now it meets the circle in the 
point D ; for if this is not true, it mufl 
meet the circle in fome other point. 
Let, then, the point L, which is on the 
fame fide of the aiis with the point D, 
be that other point ; then, having join- 
ed CL, draw LM perpendicular to the 
diredlrix, and LN parallel t6 the fame ; 
and let LN miset DE in N ; and, becaufe 
the point L is in the parabola, CL is [ i . i .] 
equal to LM ; and, according to the hypo- 
thefis, CD is equal to DE ; and, C being 
the center of the circle, CL is equal to CD : 
therefore LM, that is, NE, is equal to DE ; 
which is impoflible : the parabola, there- 
fore, 
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fore, meets not the circle in the point L, 
nor any where but in J) : therefore D is a 
point in the parabola. 



Fig- 1. 



PROP. III. Theor. 

Any ftraight line drawn througk 
the focus meets the parabola; 
and a ftraight Hne drawn from 
any point \t^ithin a parabola to 
the focus, is lefs than the perpen- 
dicular drawn from that poiat 
to the dire<9:rix. A ftraight 
linCj on the other hand, drawn 
from any point without a para- 
bola to the focus, is greater 
than the perpendicular drawn 
from that point to the diredrix. 

JLet there be a parabola, the diredlrix 
of which is AB, and -the point C the fo- 
cus ; any ftraight line drawn through C 
meets that parabola. 

tirft, if CB, a ftraight line drawn 
through the focus, be perpendicular 
to tlie diredrix, the poiat H, bifeding 

[cor. 



jbbokl. The Parabola. f 

[cor* r. I.J the fegment, intercepted be- 
tween the focus and the direftrix, is in the 
[2. I.] parabola: but if any other ftraight 
line CP be drawn through the focus, bi- 
fed the angle BCP by the ftraight lino 
CM, and let CM meet the diredrix in M^ 
and draw MN parallel to the axis BC: 
then, becaufe the angles PCM, CMN are 
together lefe than two right angles, for 
each of them is lefs than . one right angle, 
^e ftraight lines CP, MN , meet each o- 
|:her; let them paeet in the: point O, then 
the angle OCM is equal to the angle 
CMO ; for each of the two is equal to 
[29. 1. Elem.] BCM ; of confequence OM is 
[6. i.Elem.] equal to OC: therefore the 
point O is in [2. i,] the parabola. 

' To proceed to demonftrate the other part 
of the propofitiori : Firft, let there be any 
point K within the parabola, that is, let 
it be on the fame fide of it with the 
focus C, and draw ICL at right angles 
to the diredrix ; draw likewife KC to the 
focus ; KG is lefs than KL. Let CK meet 
the parabola in O, and let there be ^awn 
to the diredlrix the ftraight line OM paral- 
lel to KL, and let OL be joined. Since, 
^heA, the point Q is in the parabola, OG 

is 
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8 CONIC SECTIONS. 



is equal to OM ; but OM is f 1 9* 1 . Elem.} 
left than OL ; much more therefore is 
(OM, or) OC lefs than [20. i . Elem.] OK 
and KL together : take away the common 
part OK, and the remainder KC is leis 
than the remainder KL. 

Next, let the point Q^be without the 
if parabola, and draw Q^ at right angles to 

the diredlrix : QG drawn • to the focus is 
greater than QR, Let QC meet the para- 
bola in O, and draw OM parallel to QR, 
and join QM : therefore, becaufe CO is 
equal to OM, CQ^is equal to MO toge-^ 
ther with OQ_ ; but MO together with 
OQ^ > is greater than QM ; much more, 
I , then, are they greater than QR. QC is^ 

!f!' therefore, greater than QR^ 



Cor. Hence it is evident, that any point 
is within , or without a parabola, accord- 
ing as the diftance of that point from the 
focus is lefs Or greater than a perpendicu- 
ll lar drawn from that fame point to the di-^ 
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P R O p. . IV. Theor. 

A perpendicular to the direftrix 

' meets the parabola only in one 

point ; and when produced 

' downwards, it falls within the 

parabola. 

I 

Let MT be perpendicular to the diredlrix Kg. h 
AB ; draw MG to the focus ; let CO be 
drawn, making the angle MCO equal to 
CMO, and meeting MT in O; OM is . 
confequently equal to OC; and therefore 
the point O is in [2. i.] the parabola. 

Next, take any point T in MO produ- 
ced, and join TC : fince, then, the angle 
MCT is greater than MCO, that is^ than 
the angle CMT, TM is greater than TC : 
the point T therefore is within [cor. 3. i.] 
the parabola. In like manner it may be 
dem<!niftrated, that any point above O iix 
the ftraight line MT is without the para- 
bola, 

« 
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PROP. v. Theor, 

If from a point in a parabola a 
ftraight line be drawn to the fo- 
cus, and if from the fame point 
a ftraight line be drawn perpen- 
dicular to the dire(^ix; the 
ftraight line which bife6ls the 
angle contained by thefe two 
ftraight lines, tpuches the pa- 
rabola in that point. Alfo a 
ftraight line drawn through the 
vertex of the axis at right 
iangles to "the axis, touches 
the parabola, 

Fig. 2. I. D being a point in a parabola, and 
DC drawn from D to the focus, and DA 
drawn perpendicular to the direcSri:^ AB j 
DE, that bifedls the angle CDA, touches 
the parabola in the point D. 

In DE take any other point F ; and ha- 
ving joined FA, FC, AC, draw FG per- 
pendicular to the diredlrix : then, becaufe 
DA is equal [i. I. Elem.] to DC, DF com- 
i - • xtion 
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mon, and the angle FDA equal to FDG ; 
FG is equal [4. i. Elem.] to FA; and, con- 
fequently, greater thaa FG : therefore the 
point F is without the [cor, 3. i . J parabo- 
la; and, confequently, the ftraight line 
DE touches the parabola [def. 7.] in the 
poix^t p. * 

2. HK, a ftraight line drawn through Fig. 2. 

the vertex of the axis, and made perpendi- 
cular to the axis, touches the parabola. 

In HK. take any point K ; from which 
draw KL perpendicular to the direftrix ; . 
and join KG: and, becaufe KG is greater 
[19. I. Elem,] than GH, that is, than 
[cor. I. I.] HB, that is, than KL, KG is 
greater than KL : therefore the point K is 
without the parabola, and HK touches 
the parabola. 

GoR. I. This propofition points out a 
method of drawing a ftraight line that 
will touch a parabola in a given point,- 
provided the directrix and the focus be gi- 
ven in pofition. 

GoR. 2. And fince it has been proved, 
that all ftraight lines that touch a para- 
bc^a, fall without it towards the fame 

B 2 parts, 
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every 



il touching lines are, but concave cm the 

contrary fide. 



PROP. VL Problem. 

The diredrix and the focus of a 

. parabola, and a ftraight line not 

jj parallel to any diameter, being 

given in pofition ; to draw a 

ftraight hne parallel to the 

ftraight line not parallel to any 

{ diameter, and which will touch 

the parabola. 

.:( 

f ] Fig* 2. AB being the dire<5lrix and C the focus 

of a parabola, and MN a ftraight line not 
parallel to any diameter ; it is required to 
draw a ftraight line parallel to MN, and 
which will touch the parabola. 
. From the focus C draw CO perpendicu- 
lar to MN, and meeting the diredlrix A ;, 
and having bifedled AC in E, draw ED 
parallel to MN, and meeting the diameter 
through A in the point D, and join CD ; 

then. 
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tben, in the triangles ADE, CDE, AE is 
equal ^o CE, ED common, and the angles 
at E right angles ; DA, therefore, is equal 
to DC ; and, confequently, the point D is 
in the [2. i.] parabola : And, fince the 
angle ADE is equal to the angle CDE, the 
ftraight line DE, as was fhewn in the 
preceding propofition, touches the para- 
bola. 

PROP. VII. Theor. 

If . from a point in a parabola, 
there be drawn a ftraight line, 
neither parallel to the axis, nor 
bifediing the angle contained by 
the diameter pafling through 
that point, and a ftraight hne- 
drawn from the fame point to 
the focus ; that ftraight line cuts 
the paraboh in one other point, 
but not in more than one. 

If from E, a point in the parabola, the Fig. 3. 4, 
ftraight line EG be drawn, fo as neither °- **^'* 
to be parallel to the axis, nor to bire<5t the 

angle 
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angle contained by th6 diameter EF and 
the ftraight line EC ; from the focus C 
let a perpendicular be drawn to EG, and 
let it meet thediredlrisin A; and, making 
A/^equal to AF, through / draw ^^ paral- 
kl to FE, and Ict^ meet EG in e j the 
point t will be in the parabola. 
^- 3* There are two cafes. The one is that in 

which EG pafles through the focus : Bc^ 
caufe EC is equal to EF, and each of the 
angles EGA, EFA a right angle ; therefore 
AC is [5. and. 6. 1. Elem.] equal to AF; 
and,, confequently, it is equal to A/"; and 
each of the angles ACtf, Afe is a right 
angle : eC is, therefore, equal to ef; and 
therefore the point e is in the [2. i.] para- 
bola. 
I lliiif Tsg. 4. In the other caie, EG paffes not through 

.1.2. the focus. From the centre E, at the di- 
ftance EC, defcribe a circle, meeting CA 
again in H \ and defcribe another circle 
through the points C, H, / ; then, becaule 
EC is equal to EF, and that EFA is a right 
angle, the circle defcribed from the centre 
E touches [16. 3. Elem,] the .directrix in 
V : therefore the redlangle CAH is equal to 
[36. 3. Elein.] the fquar^ of AF, that is, to 
the fquare of A/"; ther'efore A/" touches the 
circle 
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eitcle [37. 3. Elem;]yCH ; and the centre 
of this circle is [19, 3. Elem.] in^; it is 
alfo in GE, which blfeds CH at right 
angles ; it is, therefore,, in the point e 
where fe^ GE interfedl each other. eC^ 
therefore^ is equal to e/\ and, therefore, 
the point e is in the [2. i.] parabola, • 

It is evident, that EG cuts the parabola 
no where but in the points E, e : For, if . 
poflible^ let EG cut it alfo in another point 
«; and let €^ be drawn perpendicular 
to the dire(5lrix AB ; a circle, then, defcri- 
bed from the centre f, diftanee «G, pafles Fig. 4. 
through H, and touches the diredrix in 
the point *, at a diftance from the point 
A, left or greater than that of the point F n. i. 2. 
or/ from A ; and the fquare of ^A being 
equal to the rectangle GAH, is equal to 
the fquare of FA : which is abfurd. 

Cor. Of all the ftraight Ikies that 
can be drawn from any point of a para- 
bola, only one can touch the parabola; 
for the diameter through the point falls 
{4., I.} within the parabola; and any o- 
ther ftraight line, except that which bi- 
&(5ls the angle contained by the diame- 
ter through the point, and the flraight 

line 
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line drawn frpm the point to the focui, 
meets the parabola again in another point. 

PROP. VIII. Theor. 

If from the focus of a parabola to 
a ftraight line there is drawn a 
perpendicular meeting the di- 
reftrix ; if the fegment of the 
perpendicular intercepted be-r 

i tween the focus and the ftraight 
line, is not greater than its o- 
ther fegment intercepted be- 
tween the ftraight line and the 
diredlrix ; that ftraight line, ne^ 
ceflarily, meets the parabola. 

t 
»• - . - . . . , 

pj Let C be the focus of a parabola, and 

a.i»2. let CG, which meets the diredlrix in A, 
be a perpendicular to the ftraight line LG ; 
if the , fegment CG, between C and LG^ 
" be not greater than the fegment GA, be- 
tween LG and the diredlrix, the ftraight 
•line LG neceflarily meets the parabola. 

Wh6n the fegments CG, GA are equally 
it is plain, from what was demonftratecjL 

ia 
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. in Prop. 6. that the . ftraight Ime LG 
touches the parabola in the point whefc 

the diameter through A meets the fame 
LG. 

But if CG be lefs than GA, take GH 
equal to GC ; and from the point A, and 
on either fide of A, place, in the dlredlri^f, 
AF, or A/y fuch, that the fquare of either 
may be equal to the redlangle GAH ; and 
having defcribed a circle through the 
points C, H, F, draw, through F, FE per- 
pendicular to AF, and let FE meet LG in 
E : and the fquare of AF being equal to the 
redlangle CAH, AF touches the circle in 
F ; and therefore the centre of the circle is 
in FE: but as CH is bifedled at right 
q.ngles by the ftraight line LG, the centre 
of the circle is likewife in LG : it is, there- 
fore, in 'E, the point where FE,' LG in- 
terfedl each other : hence EC is equal to 

JIF; and, of confequence, the point E is 
in the parabola. In like manner, if ef 
drawn perpendicular to the dire(5lrix meets 
XG in Cj the point e is in the parabqla, 

CoR. Hence any ftraight line pafting 
thrQugh a point ¥rithin a parabola^, meets 
the parabola. 

Q CafQ 
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Cafe I. If the ftraight line is a diame-< 
ter, it is evident, from Prop. 4. i . that it 
ineets the parabola. • 

Cafe 2. When the ftraight line is nqt a 
diameter. Let LG pals through the point 
L within the parabola ; it will meet the 
parabola. From the focus Q let the 
ftraight line CG be drawn at right angleei 
to LG, and let it meet the diredtrix in A ; 
^d join LC, LA : then becauie the point 
L is with'm the parabola ; a ftraight liqe 
drawn from L perpen4icular to the direc- 
trix, is greater [3. i.] than LC : LA^ 
therefore, which is not; le^s than this per- 
pendicular, is greater than LC: ^AG^ 
therefore, is greater than [47. i . Elem.] 
ijC J and therefore LG meets the par^n 
lx>la. 

PROP, I^. 

The angle contained by a diameter 
of a parabola, and a ftraight line 
<ira,wn from the vertex of tliat 

t 

diameter to the focus, is bifed-j 

ed by the ftraight line that 

touches the parabola in that 

vertex, 

The 
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The iarigle ADG, contained by the dia- T^'^S* I* 
meter AD, and the ftraight line DG, is bi- 
fedled by DE, a ftraight line touching the 
jpafabola in the vertex D ; for if DE bi- 
ik^s not the angle ADC, it is poffible for 
fome other ftraight line to do it ; atid this 
Other ftraight line alfo wiU touch the pa- 
Irabola : Which is abfurd^ 

Coi. t. On the othet hand, if AD be a 
diameter, and ED touch the parabola in 
the vertex D of AD, and if the angle ADE 
be equal to the angle CDE, DC pafied 
through the focus : Or, if DC pailea 
through the focus^ DE touching the parar 
bola in D, and the angle ADE being equal 
to the angle CDE ; DA is a diameter. 

CoR» 2, If from any point D which is in 
£i parabola,, but which is not the vertex of* 
the axis, A ftraight line DE be drawn 
touching the parabola, the angle EDA 
contained towards the diredtrix by tht| 
ftraight line DE and the diameter DA/ • 
is left than A right angle; for the angle 
ADC, which is the double of EDA, is left 
than two right angles* 
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PROP. X. Theor. 

If from a point in a parabola a 
ftraight line be drawn touching 
the parabola, aiid if from the 

, fame point a perpendicular be 
drawn to the axis ; the fegmentr 
of the axis intercepted between 
the perpendicular and the touch- 

, ing line, is bife<3:ed in the ver- 
tex of the axis. 

Fig. 5. Let D be 2i point of a parabola, and let 

DE drawn from D touch the parabola, 
and DH be perpendicular to the axis ; the 
fegment EH of the axis is bile(fied in F, 
the vertex of the axis. 

Through D let DA be drawn perpendi- 
cular to, the dire<5lrix; let DC be drawn to 
the focus, and let the axis meet the direc- 
trix in B : And becaufe the angle GDE is. 
equal to the angle ADE, that is, to the 
alternate^ angle CED, CE is equal to CD, 
01: DA, that is, to HB j and CF is equal 
to FB ; therefore the remainder FE is e- 
qual to the remainder FH. 

PROP. 



Ill 



I 



i 
^ 



Bookir The Parabola. ' 4f 

PROP. XI. Theor. 

Every ftraight line parallel to a 
ftraight line that touches the para-, 
boldj and terminated both ways 
by the parabola, is bifefted " by 
the diameter paffing through the: 
point oi contaft, that is, it is 
ordinately-' applied to this diame- 
ter. 

The ftraight line Etf, which is termina- Fig. 4- 
ted in the points E, e^ beiiig parallel to ^* *' ^' 
t)K, a ftraight line touching the parabola j 
and AD, the diameter which pafTes through 
the point of contact D, meetiijigTE^ in,L j 
LE is equal to L^, : 

Let AD meet .the dirediix AB in A; 
from the points E, e to the diredrix, draw 
the perpendiculars EF, ef-y and from the 
focus C draw CA meeting E^ in G ; and 
from the centre E; diftance EC, defcribe 
a circle meeting CA again in H; this cir- 
cle will touch the diredlrii in F : Join DC : 
then, becaufe DA is equal to DC, and 
the ^ngle ADK equal to [9. i.] GDK, Dl^ 
IS [4. I , Elem.] perpendicular to AC : and, 

therefore, 
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riiertfore, Ee too is at right angles to the 
feme AC-: and becaiife E is the Centre of 
tiie circle CFH, CG is equal to [3. j.EIem.] 
GH : join eC and «H, and eC will be c 
qnal [4. 1 . Elem.] to ^H : A cii'cle, there- 
fore, deicribcd from the centre tf, and at 
the diftance- eCy paffes through H ; and 
eC being equal to 5^ it palles likewife 
through /: therefore, fince the ftraight 
line F/" touches the circles, and the ftraight 
line AHC cuts them, the fquare of AF is 
equal to the [36. 3 Elem.] redangle CAH, 
that is, to the fquare of A/*: therefore AF 
is equal to A/"; and FE, AL,yf, are paral- 
lels: tbdrefdre L£ is [2. 6. litem. j equal to 

Cor. i..Gn the other hand, if a ftraight 
line Ef , terminated both- ways by a para- 
bda, be bife€led by the diameter AL, it 
is pai^lkl to the tangent which paffeS 
through D, the vertex of AL : for if the 
ftraight line touching the parabola in th£ 
point D, be not parallel to LE, let another 
ftraight line be drawn touching the para- 
bola, and parallel to LE ; then the diame- 
ter which paflfes through the point where 
^is other ftraight line touches the parabo* 
I la, 
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k, bifcds the ftraigHt line E^ : but,' ac- 
cording to the hyppthefis, the fanqte He is 
bifedled by the diameter AL ; Which is ab- 

furd. 

Cor. 2. All ftraight lines ordinitely ^^ 
plied to any diameter, are parallel to one 

another. 

Cqr, 3, If two or mo«p parallels be ter-- 
piinated both ways by, a parabola, the dia* 
meter which bifeifls the one, or one of 
them, bife^s alfo the other, or the reft of 
them : for the oAe that is bifeiftcd by a 
diameter, is parallel to the. ftraight linb 
touching the p^abola in the vertex 'of 
that diameter ; and confequently the othef, 
or the others, is, or are, parallel to the 
fame ftraight line, that touches the parabo- 
|a in that yertes; | andi therefore, iS, or 
?ire, bifeaed by the fame diameter. 

Cqr. 4, Any ftraight iine^ on the con- 
trary, which bifefts two parallels tei^mi-^' 
ixated both ways by a parabola, is a dia^^ 
meter : for if it is not, it is pdflible for 
ioxofi other ftraight line ' bife6Ung one of 
the parallels to be a diameter; and be- 
ing a diameter, this other ftraight line 
muft alfo bifedl the other of them : but, ^ 
fcQ^Qr^tng tQ ^ hyp0th?fis, . the fginncrof 

the 
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the ftraight lines bife(3ts both the parallels : 
which is abfurd. And if from the poiat 
,of contad a ftraight line be drawn bifedl- 
ing another ftraight line parallel to the 
.tangent, and terminated both ways by the 
parabola, that ftraight line is a diameter : 
for if it be not, let a diameter be drawrx 
through the point of contact, this diame- 
ter muft alfo biledl the parallel to the tan- 
gent : which is abfurd-. 

Cor. 5. And a ftraight line drawa 
through the vertex of a diameter, fo as to 
be parallel to ftraight lines ordinately ap- 
plied to that diameter, touche^ the para- 
bola. This is manifeft from cor, i , 

PROP. XII. Theor. 

"If fropi a point of a parabola a 
ftraight line be dra^^n perpendi- 
cular to a diameter, and if fronj 
the fame point a ftraight line be 

' ordinately applied to that diame- 
ter ; the fqtiare of the perpendi- 
cular is equal to the redangl^ 
Qpjitaijied by the , abfciffa of the 

diametap 
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diameter and the latus return 
of the axis. 

[N. B. An abfciffa is the fcgment inter- 
cepted betwixt the vertex of a diameter 
and a ftraight line ordin^tely applied to * 

that diameter.] 

Cafe I. When the diameter is the axis 
of the parabola. 

Let D be a point in a ][)arabola, and DH ^}i^ 5* 
a perpendicular to the axis BC ; DH will 
be parallel to. [5. i.] the ftraight line 
touching the parabolk in the vertex of the 
axis ; and therefore w^ill be ordinately 
[ 1 1. I.] applied to the axis: draw DC to 
the focus, and DA perpendicular to the 
diredlrix AB, and let F be the vertex of 
the axis : then, becaufe HB is equal to 
DA, that is, to DS, the fquare of HB is 
equal to the fquare of DC, that is, to tha 
fquare of DH, together with the fquare 
of HC : but, fince BF is equal to FC, the 
fame fquare of HB is equal to four time$ 

the redlangle HFC, together with the 

[8. 2. Elem.J fquare of HC ; therefore th? 

fquare of DH, together with the fquare of 

^ HC, is equal to four times the rectangle 

D HFB, 
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HFB, together with the fq^arc of HC: 
therefore the fquare of DH is equal to 
four times the redlangle HFB, that is, to 
the redlangle contained by the abfcifT^ 
HF, and the parameter of the axis. 

Cafe 2. When the diameter to whic?!^ 
the perpendicular is drawn is not the 
axis, 

; Let EN be perpendicular to the diame? 
ter AD ; let EL be an ordihate to AD, and 
D the vertex of the fame AD ; the . fquare 
of EN is equal to the redlangle contained 
by the abfcifla LD and the parameter of 
the axis. 

Draw DK parallel to LE ; DK will theroif 
fore [5 cor. u. i,] touch the paraboJa in 
D : and let the fapae DK meet the axis in K : 
let EF be drawn at right angles to the di- 
recSlrix ; and let a circle be defcribed front 
the centre E, diftance EF ; and this circle 
will touch [cor. 16. 3. Elem.J the diredlrix vq, 
F, and pafs through the focus C : let AG 
be joined, and let it meet the circumfer- 
ence of the circle again in H, and the 
ftraight lines DK, LE in the points P, G jf 
aiid let LEmeet the axis in O. 

Becaufe the angles [9. i. of this book, 
%. I . Elem. j CPK ^nd CBA are right angles, . 

and 
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ftnd the angle BCP common, the mangles^ 
CBAi CPK are eqiiiangulai' : AC, there- 
fore, is [4. 6, Eiem.] to CB, as CK. tp CP^ 
that is, as [2.6.} 16. 5. Elem.J OK to 
GP : the r6<5langle, therefore, contained 
by CA, GP is equal to [ i 6. 6. Elem.] that 
contained by OK, CB ; but becaufe CA is 
[9. I . of this book, and 4. i . Elem.] thd 
double of CP, and CH the double of CG* 
AH is double of GP ; and, conftqucntly^ 
the rectangle CAH is equal to twice the: 
iredlangle CA, GiP, that is, to twice thci 
redangle OK, CB : but the fquare of EN^ 
01" of AF, is equal [3. 36. Elem.] to the 
lre(Slangle CAH : it Is, therefore, equal to 
twice the redangle OK, CB, that is, tci 
die redangle ciontained by the abfcifla LD^ 
and the parameter of the axis. 

CoR. i. Hence the fquares df perpendi-^ 
culars drawn from any points of a parabo- 
la to any diameters, are to one [1.6. E- 
lem.] another, as the abfciffas intercepted 
between the vertices of thofe diameters 
and the ordinates, drawn from thofe poipts. 

CoR. 2. The fquares of ftraight lines 
ordinately applied to the faiji* diameter^ 
are to one another, as the abfcifTas between 

D 2 thofe 
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thoie ftraight lines and the vertex of that 
diameter. Let EL, QR be ordinately ap- 
plied to the diameter DN ; and let EN, 
(^ be perpendicular to the fame : becaufe 
the triangle £LN is equiangular to the 
triangle QRS, the fquare of EL is to that 
of QR, as the fquare of EN to that of QS, 
that is, by the preceding corollary, as the 
abfcilTa DL to the abfclffa DR. 

CoR. 3. And if from the vertices of two 
diameters there be drawa ftraight lines 
ordinately applied to thofe two diameters, 
that is, if the ftraight Une drawn from 
the vertex of each diameter be an ordinate 
to the other diameter, the abfciflas between 
thoCe ordinates and the two vertices are c- 
qua! to each cither ; for the perpendiculars 
drawn from the two vertices to the two 
xliaraeters are equal. 



PROP. Xm. Theor. 

If from a point of a parabola a 
ftraight line be drawn ordinately 
applied to a diameter, the fquare 
of half that ordinate is equal to 
the reftangle contained by the 
abfciffa 
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abfcifTa between that f^une ordi- 
nate and the vertex of that dia- 
meter, and the lotus reSfum of 
the fame diamster. 

Let AB be the dire(flrix of a parabola^ 
^nd AD a diameter, to which EL, drawn 
from the point E of the parabola, is ordi- 
nately applied ; and through the vertex D 
of the diameter AD, draw DK parallel to 
EL; DK, of confequence, will touch the 
parabola : draw DM perpendicular to the 
axis, and from Q_, the vertex of the axis, 
draw QR ordinately applied to the diame- 
ter DL ; and, cbnfequently, parallel ta 
EL. 

Since QR is equal to DK, its fquare is 
ijqual to [47. I . Elem.] the fquares of DM^ 
MK ; but the fquare of DM is, by the firft 
cafe of the foregoing propofition, equal to 
four times the redlangle MQB : and fincc 
MQjs equal [10. 1.] to QK, the fquare of 
MK is equal to four times the fquare of 
MQj therefore the fquare of QR is equal 
to four times the redlangle MQB, together 
with four times the fquare of MQ, that is> 

to 
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mad MB tD DA ; tbenetocc tibc £^iBir €if 
QR is eqisal to foor mns t^ inrfangfcr 
BDA: aiKi EnceQR^ EL are onfiittt^y 
aj^IiedtD die dkunctcr AD, ahc ttpakrc €j£ 
C^is to die (qoareof ELas [2 cor. of die 
jfnccding p r o poCtloa^ RD to LD, tint ia^ 
as fonr times the ie£fang!e RDA to fimr 
times the refiangle LDA : but tbc Iqw^e 
of QR, as badi been prorcd, is equal to 
^Kir times tbe redangle BDA ; tfaerefivc 
tiie iquare of £L is cqaal to four times tiic 
I3tdang!e LDA, that is, to die icdangle 
contained bj the ablcifla LD and die p^* 
rameter of the diameter AD. 

It was fiioCn the piuperty diove demon* 
ilrated, that Apollonius named ' the corre 
line which is the fubjed o£ this book 
the Parabola* 
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CoR« I. If from a point £ to AD, a dia*« 
meter of the parabola, a ftraight line EL 
is drawn parallel to ftraight lines ordinate- 
ly applied to the diameter AD, and meet- 
ing the fame AD below its vertex D; if 
the fquare of EL is equal to the reftangle 

by the abfcilTa LD and the pa- 
rameter 
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rameter of th«; diameter AD ; tbe point £ 
is in the parabola. 

For fince the point Ij is within [4. i.] the ^>g> 4* 
parabola, the ftraight line EL ncceflarily 
meets [cor. 8. i .] the parabola : if, there-* 
fore, £L does not meet the parabola in the 
point E, on the iame fide of the diameter 
with E, let it meet it, if poffible, in feme 
other point, liearer., or more rciRote, from 
the diameter, than E is : let this other point 
be f ; then the fquare of ^L is equal to the 
reiSlangle contained by LD, and the para- 
poeter of the diameter, that is, according 
to the hypothefis, to the fquare of EL ; 
which is abfurd. 

Cor. 2. If from two points E, Q^, one 
of which, Q^, is in the parabola, there 
be drawn to the diameter AD ftraight lines 
EL, QR, parallel , to ftraight lines ordi-' 
oately applied to AP ; if the fquares of 
the parallels be to one another as th^ ab* 
fciflas between the parallels and the vertej^ 
of the fame AD ; the other point E is alfbt 
m the parabola^ 

, If the diameter . LD meets the diredbii? 
in A, four times AD is its lat^s reiiutn> 
then, fince the fquare of QR is to* that of 
EL 4S JIP is to LP, tha^i?, ?i5 fpw times 

the * 
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the rcdlangle RDA to four times the rec^ 
tangle LDA ; and fince, by the propofi- 
tion, the fquare of QR is equal to four 
times the redlangle RDA ; the fquare of EL 
is equal to four times the redfcingle LDA ; 
and therefore, by the preceding corollary, 
the point E is in the parabola. 
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PROP. XIV. Theor. 

If a ftraight line be drawn from a 
point of a parabola fo as to 
be ordinately applied to a diame- 
ter, and if another ftraight line 
be drawn from the fame point 
fo as to touch the parabola, and 
meet that diameter; the feg- 
ment (of the diameter) inter- 
cepted betwixt the ordinate and 
the tangent is bife6^ed in the 
vertex of the diameter. , 

A being a point of a parabola ; AC 
drawn from A, fo as to be ordinately ap- 
plied to the diameter BC, and AD drawn 
from the fame point, fo as to touch the 
i parabola^ 
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parabola^ and meet BC in D ; the fegment 
CD is bifeifled in B, the vertex of BC. 

From the vertex B let BE be dra^n pa- 
rallel to AD J it will be ordinately [ 1 1 . i .] 
applied to the diameter AE, and the ab- 
fcifia BC will b? ecj^ual to the abfcifTa 
[3 cor. 12. I .] AE, . ^hat is, to BD. 

CoR. I. On the oth^r hand, AC bfingr 
ordinately applied to the di^rneter BC, if 
AD be drawn making Bf) equ^l to BQ, 
AD touches th^ pa^bc^a. 

For if AD does not touch the parabola, 
let AF tQuch it ; FB then is equal to BC : 
which is impoflible. 

CoR. 2. Ifaftraight line touches a pa- 
rabola, its fegment between the point of 
contadl arid any diameter i^ bifecfted by a 
ftraight line touching the parabola in the 
vertex of that diameter. 

Let AD, ^ ftraight Un? touching the pa- 
rabola, meet the diameter CB in the point 
D, and the tangent GB. in G ; let AC be 
drawn parallel to BG ; AC will be ordinate-^ 
ly applied to the [11. i .] diameter CB : 
and fince, by the propofition, CB is equal 
%q BD, AG is likewife equal to GD. 
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PROP. XV. Prob. 

To find a diameter, the axis, the 
/<^^/^j reSlum of the axis, the fo-» 
cus, and the ciireftrix qf a para^ 
bola given in pofition, 

|!'ig,7. Let two parallel ftraight lines AB, CD 
be drawn ; let them be terminated in the 
parabola, and bifeded ^n the points F, E \ 
join FE, and let it rneer the parabola ia G ; 
GF is [4. cor. II. |.] a diameter. 

Next, in the diameter GF, and below 
J its vertex G, take any point H; and 
th^'ough that point draw KHL perpendicu- 
lar to the diameter GF, and meeting the 
parabola in tlie pqints K, L j a,nd througl^ 
M, tlie rdiddle point of KL, 4r^wMN pa- 
rallel to ^ the diameter QF, and meeting 
the parabola in N ; and let NO ' be drawn 
parallel to MH : ;hei:i, becauf? MN is pa- 
• -yallel to GH, it is a diameter : but KL is; 
ordinately applied tq MN ; therefore NQ 
. touches [5. cor. 11. i.] thjs parabola in N. 
And becaufe MNO is a ri^ht angle, M>J 
is [2. cor. 9, I.] the axis: and a third pro- 
portional to NM, MK is the £13. I.] latus, 

V reHum 
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¥eHum of the axis : and the diftance of thd 
focus from the vertex of the axis is equal 
to a fourth part of the latus rscium of the 
iaxis ; therefore the focuis is giveiii After 
the fame manner is the diredlrix found. 



PROP. XVI. J>ROB. 

The dir^^tfix and the^ focus of a 
parabolia being given in pofi- 
tion^ to defcribe the parabola^ 

Let AB ht the diredlrix, and C the fd- I'ig. ii 
tius, and with a ruler and firing defcribe 
the [def. i.] parabola ; or as many points 
bf the pafaboia as may be thought riecef- 
lary may ht thus found ; through the fb- 
tus C cfraw CB at right angles to the di- 
Sredlrix, tind CB will be the axis : to the ' 
axis CB draw jaiiy perpendicular LG, 
meeting it below its vertex F, and in thd 
-fame axis place CH dqual to BG j CH will 
thus ht greater than CG ; atid from the 
centre C, diftande CH, defcribe a circle, 
Cutting the ftraight line LG in D^ ^; thefe 
points are in the parabola* 

For the ftraight line DA, drawn to the 
diredrix^ fo as to be parallel to GB, is e- 

£ % qual 



ir; 



Uiff 



1)1 



t 



■ 









!l 



I 



■( 



36 CONIC SECTIONS* 

qual to GB, that is^ to CH, that is^ td 
CD; and D, therefore, is [2. i.] in the 
parabola. In the fame manner it may 
be fhewn, that d is in the parabola* 

Cor. Hence, if the diredlrix AB'of a 
parabola, and F, the vertex of the axis, be 
given in poiition, the parabola may be de- 
fcribed, by drawing FB at right angles to 
the dircdrix, and making FC equal to FB ; 
for C will be the fck:us. In like manner, 
if the vertex F and focus C be given ; join 
CF, and produce it to B, fo that FB may 
be equal to FC j a ftraight line drawu 
through B at right angles to BC, will be 
the directrix : and if the axis GF, its vertex 
F, and its parameter FK, be given in poli-* 
tion, the diredlrix may be found by ma- 
king FB equal to a fourth part of the pa-^ 
rameter F^, and drawing BA at right 
angles to the fame FB, In like manner 
the.diredlrix may be fpund, if the axis,^ 
the focus, and the parameter of the axis^ 
be given in pofitron. In all thefe cafes, 
therefore, the parabola may be defcribed 
according to the propofition. 
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PROP. XVn. PkoB. 

The axis and its vertex, and a ^ 
point without the axis and he- 
low its vertex, being given in 
pofition, to defcribe the parabo- 
la which will pais through that 
point. ' 

The axis FH, its vertex F, and D a 
point without it, and below the^vertex F, 
being given in pofition j it is propofed to 
defcribe the parabola which ihall pafs 
through D. 

Having drawn from the point D, GD 
perpendicular to the axis, find [i i. 6. E^ 
lem.] FK a third proportional to the two 
ftraight lines FGi GD j then, taking FB 
equal to the fourth part of it, and makiilg 
FC equal to FB, draw B A parallel to DG; 
and let a parabola be defcribed, having C 

for its focus, and AB for the diredlrix % 
this parabola will pais dirough the point 
D. For fince FG, GD, FK are propor- 
tionals, the fquare of GD is equal to the 

]:e6langle GFK : and FK is the parametor 

of 
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of thc[def. 6. 1.] diameter FG ; therefor* 
the poi;it D [i. cor. 13. i.J is iii the para- 
bola. 

PROP. XVllI. PeoB. 

Kg. 9. Two ftraight lines AB, AC, trhicli 
meet each other in the point A, 
being given in polition, and a 
ftraight line DE being given in 
magnitude ; to defcribe a para- 
bola which may have. AB for a 
diameter, and DE for the para- 
meter of AB, and which the 
ftraight line AC may touch ill 
the point A. 

Take of DE the fourth part DF, and in 
BA produced place AG eqiial to DF, and 
draw GH at right angles to AGj then, 
making the angle CAK equal to GAC, 
and the ftraight line AK equal to AG, 
defcribe a parabola, which may have Hi 
for the focus, and GH for the diredlrix j 
AB will be one of the diameters, and the 
paramater of AB will be equal to th« 
[def. 
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[def. 4. 6. J quadruple of AG, that is, to 
PE: aadfince AG is equaled AK, the 
ppint A is in the parabola ; and fince the 
angle GAG is equal to CAK, the ftraight 
line AC touches the parabpU in th^ point 

GoR. If from a point L, a ftraight line 
LM be drawn in a gjiven angle LMA, to 
a ftraight line AB given in pofition ; and 
if the fquare of LM be equal to the rect- 
angle contained by a given ftraight line 
DE, and the fegment MA, intercepted be-^ 
tween the" fame LM ^nd the given point 
A ; the point L is in a parabola given in 
pofition. Havii^g drawn through the 
point A a ftraight line AG parallel to LM, 
defcribe, according to the propofition, a 
parabola which may have AB for a diame- 
ter, and DE for the parameter of AB^ and 
which the ftraight line AG may touch in 
the point A ; ' this parabola is tlae locus of 
the points L : for fince the fquare of LM 
is, by hypdthefis, equal to the re(5langle 
contained by MA and DE, and that LM 
is parallel to AG that touches the parabola, 
and cohfequently to ftraight lines ordi- 
pately applied to the diameter MA; the 

• 

point \a \s va, 4e [ i . cor. 1 3. i •] parabola. 

' PROP, 
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PROP. XIX. Prob. 

'''fr'r A diameter AB, smd its vertex A, 
being given in pofition, and a 
ftraight line LM, which meets 

AB in M below the vertex, be- 
ing given in poiition and mag- 
nitude ; to defcribe a parabola 
which may pafs through the 
point L, and in which the 
ftraight line LM may be ordi- 
nately applied to the diameter- 
AB, 

Through the vertex A draw AC parallel 
to LM, and let D£ be a third proportio- 
nal to AM, ML ; and, according to the 
preceding proportion, defaibe a parabo- 
la' which may have AB for a diameter, an4 
D£ for the par^uneter of AB, and whi<^ 
AC niay touch in die point A : then, be- 
caufe ML is parallel to AC, it is ordinately 
applied to the diameter AB ; and becanJfe 
AM, ML, D£ are proportionals, the 
fquare of ML is equal to. die re<5Uiig][e 
X €ontaiae4 
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Contained tythe abfcifla AM, and DE the pa* 
tameter of the diameter AB ; and therefor^ 
the point £• is [i. cor. 13. i.] in th«parabola» 



PROP. XX. PkOB* 

A diameter of a parabola, and the 
vertex of that diameter, being 
given in position, and the /atus 
reSfum of the fame diameter be- 
ing given in magnitude, and a 
point in. the parabola being gi- 
ven ; to defcribe the parabola. 

Let AB be the diiametei* given in pofi^ 
tion^ and A its vertex ; in AB, and above Fig. 
the vertex A, place the ftraight hiie AC e- 
quSil to the given iaius return ; alid let I) 
be th6 giveti point in thd parabola. Siip^ 
pofe what is required done j aiid let AO 
be the parabola to be defcribed : and ha- 
ving drawn the flxaight line AE touching 
it in A, and meeting the diameter drawn 
through t) in the point E, complete the 
parallelogram AEDF : therefore DF is or-* 
dinately appli^ to the diameter AB ; and 
therefore the fquare of DF*, or AE, is e-f 
qual to the rediangle FAC : as, therefore, 

F FA 
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FA or DE to AE^ £i> i& AEto AC; and 
ihej coataia the equal [29. i. Firm,} 
angles- DEA, £AC; thcrefiaredie triai^e 
D£A is equiangular to the triangle EAC : 
and thus the angle AEC is equal to the 
angle EDi\, or FAD. If, then, .upon AC 
a (egmcnt of a circle be deforibed, contain* 
ing an angk equal to FAD, the point E 
Will [coo verfe of 2 1 . 3. Ekm.] b^ in Ac dr- 
c umference of this fegment. But the angle 
FAD is given, becaufeFA, DA arc [26.dat.] 
given in pofition ; therefore the angle AEC 
is given : and AC is given in pofition and 
magnitude; therefore the iegment AEC 
[8. def. dat.] is given in pofition. The 
point E, then, is in the circumference of 
a circle given in pofition : but it is alio in 
the ftraight line DE which is given in po- 
fition ; the point E, therefore, is given : 
and the point A is given : therefore the 
ftraight line AE is given in pofition. It is 
poflible, therefore, to delcribe [18. i.] a 
parabola which may have AB for a dia- 
meter, and AC for the latus rectum of AB, ^ 
and which AE may touch in the point A. 
In order to the compofition, it is re- 
quired, that a legment of a circle con- 
taining an angle equal to FAD, be defcri- 

bed 
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bed upon AC, and tliat a ftraight linef 
dirawn through the point D, parallel to AB,* 
meet the circumference of that iegment.- 
Jlut thefe conditions it is fometimes inl-^ 
pofliUe to fiilfil. Henc6 the problem can--' 
aot always be folved. 

When the fti*aight line drawn througlt 
D parallel to AB, is a tangent to the feg--' 
ment^ the problem admits of only one fo- 
hition *. The parabola, and latus return of 
the diameter AB, which folve this cafe, are. 
determined, if a parabola be found ha^ 
ving AB for a diameter, and A for the 
vertex of AB, and which. pafles through 
the point D ; and if the latus reButn of BA 
be fuch, that a fegment of a circle defcri- 
bed upori it, when placed above A, and 
in the diredlian of AB, may contain an 
angle'equal to BAD ; and that a ftraight 
line drawn through D, fo as to be parallel 
to AB, may touch* the circumference of 
that fegment: fuppofe what is required 
done : let AG be the parameter of the dia- 
meter AB; and upon AG let the fegment 
of a circle containing an apgle equal to 

* In all cafes in which the ftraight Hne 'drawn through 
D parallel to AB cuts the circumference of the fegtneac 
in two points/ the ptoblem admits of twofoluiiocs, 

F 2L the 
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|he angle BAD, or ADE, be defcribed ; 
find let the ftraight line DE parallel to 
AB touch the circumference of that feg^ 
ment in H, and join AH, GH: fince^ 

then, the angle AHP is equal [^t. 3. E^ 
lem.] to AGH in the oppoiite fegment, 

^d that, according to the hypothefis^ the 
angle APH is equal to AHG ; the trianglea 
jADH, AHG 4re equiangular : the angl^ 
PAH 13, ' therefore, equal to HAG : but 
the angle PAG is given ; and, cpnfequent- 
Ij^ it^ half PAH is giv^n : and the ftraight 
line AP h given in pofition ; therefore AH 
^Ifo is [29, d^t.] giv?n in pofition : thq 
point H too is given, v^here AH meets PE, 
given in pofition ; ^nd the angle AHG ia 
given : henc§ HG is given [?9. dat.] in 
pofition ; ^nd therefore the point Q is gi-» 
ven : henge the ftraight line AG is given 
in niag;nitude: fince, then, AG in the 
parabola, which pfifles thrqugh the point 
J>, is the latus rcflum of the diameter AB, 
of which A is the vertex; fince a ftraight 
line touching the parabpU in the vertex of 
the diameter AB, meet?, as hath been pro-» 
ved, the diameter drawn through D, in 
the point where this diameter meets thq 
circumference of th? girc^ tlte fcgi^ent 

of 
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of which, defcribcd upon the latus reftum 
of the diameter, pafling through A, con- 
tf^s an angle equal to Al)H j and fince^ 
in the prefent cafe, the diameter DE meets 
the circumference of this fegment in H ; 
HA touches the parabola in A : and AB^ 
AH being given in pofition, and AG gi- 
ven in magnitude, the parabola, accor- 
ding to the 1 8th propoiition, can be de- 
feribed. 

The compofition of this cafe ' is as fol- 
lows : Join AD, and through D dra\^^ DE 
parallel to AB ; to DE draw AH, bifecft-- 
ing the angle DAG ; and through H to 
AB draw HG, making the angle AHG e- 
qual to ADH or DAB j and let a parabola 
be defcribed which may have AB for a 

diameter, and AG for the latus return q( 

» 

AB; and which AH may [i8. i.J touch in 
A : this parabola will pafs through D, 
and DH will touch the circle defcribed a- 
bout AHG. Draw DK parallel to AH ]| 
and fince the triangles DAH, AHG arq 
ifofceles and equiangular, DH, HA, AG, 
and conffequently KA, KD, AG, are pro- 
portionals ; the fquare of DK is, therefore, 
equal to the reaangle KAG j and DK is 
par^ll?! tip'the tangent AH: hence th(; 
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point D is in the [i cor. 13. i.] parabolat 
and becauie die angle A HP is equal ta 
AGH in the oppo(ite fegmeat, DH toadb- 
cs [conv. 32. 3. Elem.] the circle in H. 

It remains to be inquired, whether the 
parameter AG be greato: cm: lefs than the 
parameter of the diameter AB in any other 
parabola, having AB for a diameter, and 
A for the veftez of AB,^ and which paO^ 
through D. Let there be any other paiar^ 
bola admitting of theie conditions; and 
let A£ toudi it in A, and meet the diame? 
ter pafling through D ia thf ppint E, and 
the circle GHA in L : having joined LG, 
draw EC parallel to it ; draw alfo DF pa-^ 
rallcl to EAj DF,: therefore, is ocdinately 
applied tp the diameter AB : and becaufe 
the angle ADE is equal to the angle AHG 
or ALG, that is, to AEC, and th^^t the 
angle DEA is equal to EAC, the trianglfe 
EDA is equiangular to the triangle AEG. : 
therefore the flxaight lines DE, EA, AC; 
that is, 4F, FD, AC are proportionals i 
the fquare of DF is, therefore, equal to 
the redlangle FAC : and, for this re^fon^ 
AC is the parameter of the diameter AB ii^ 
this parabola. And becajife D£ twchea 
the circle in H| AL is lefs than AE j and^ 
a therefokre 



Book!.-' T^ H « P A It A is 6 L A^ 



47 



fterefore AG is lefs rifiaa AC : therefore 
AG is the leaft of all die poffible parame- 
ters of the diamtter AB, in parabolas 
which have AB for a diameter, and A for 
the vertex of AB, and which pafs through 
D. After the ' fame manner it may be 
Ihewn, that in any parabola whatever, 
which anfwers the conditions of the pro- 
pofition, the latus reSium of the diame- 
ter AB is greater or lefs, according as the 
tangent drawn through A, and fituslted on 
eithef fide of the tangent AH, is more re- 
ined fntm, or nearer to, the fame AH. 

To proceed to the compoi^tion of vdiat 
was analyfed in the firft cafe : If the "pro- 
pdied parameter be equal to AG, found id 
the manner above mentioned, the parabo- 
la, as hath Ijeen fliewn, may be defcri-*' 
bed, and will be the only one that can 
fulfil what is required in the problem. If; 
next, the propofed parameter be lefe than 
AG, it is hnpoflible to conftru(^ the pro-* 
blem 5 or if the propoied parameter^ for 
example, AC, be greater than AG; upon 
AG defcribe the fegment of a circle con-* 
raining an angle eqtial to ADH, or DAB ; 
and fince DH touches the circle AHG, it 
muft cut the fegment defaribed upon AC 
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• 

in twQ points : let E be one of them ; and 
joinAE; and let a parabola [i8. i.] be 
defcribed, having AEf for a diameter, and 
AC for the parameter of AB, and to which 
the ftraight line AE may be a tangent ; and 
draw DF parallel to AE ; then it may be 
fhewn, as above, that DE, EA, AC, that 
is, that AF, FD, AC, are proportionals } 
that the fquare of DF is, therefore, equal 
to the redlangle FAC, contained by the ab- 
fcifla FA and the parameter AC; and 
that, confequently, the parabola pafles 
through the point D, The fame thipg 
may be demonftrated with regard to the 
other parabola, which has for a tangent 
the ftraight line joining A, and the other 
point of interfedUon e. And as, in the in- 
vefligation of the problem, it has been 
proved, that the angles GAH, HAD are 
equal ; the angle AKD is, therefore, equal 
to ADK ; and, of confequence, AK is e- 
qual to AD : but AG is a third propor- 
tional to AK, KD, or to AD, DK ; that 
is, the leaft parameter is a third propor- 
tional to th^ Itraight line which joins the 
vertex of the diameter given in poiition 
and the given point ; and the ftraight lime 
which is drawn from the fasie point to 



Bookl. The Parabola, 



49 



die diameter, fb as to cut oflFfram die dia- 
ipeter a fegmeut equal to the firft propoi> 
tional. 



^he firji nine definitions in the Jirji 
book of ApoJIonius of Per gas Conic- 
- SeSiions^ 



I. VIII. If a ftraight line joining any 
point and the circumference of a circle 
not in the fame plane with the point, be 
produced from the point in the oppofite 

r 

direction, and then, while the point re- 
mains fixed, be carried round in the di- 
fe^Slion of that circumference till it re- 
turn to the pkcC from which the motioa 
has commenced ; by the revolution of that 
ftraight line, a furface, named the conical 
Jhrfacgj and which confifts of two furfaces 
connedled together at the fixed point, will 
be defcribed. The two connedled furfaces 
may eachof them be infinitely increafed, 
if the ftraight line with which they ^re do^ 
fcribed be produced both ways to an infi-^ 
nite diftance. 

i 2* -IX. , The fixed point ]& named th^ 
vertex of the conical furfgicec 
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3. S. The ftraight line drawn through 
the point and the centre of the circle is 

■ named tk^ axis. 

4. Xl. The figure contained by the 
circle, and the furface which is intercept- 
ed between the vertex and the circumfcr* 
ence of the circle, is named the cone. 

5. XII. The fame fixed point, which 
is the vertex o^ the furface of the cone, is 
named the 'vertex of the cone. ' " 

6. Xlil. The ftraight line drawn fronv 
tlie vertex to the centre of the circle, 19 
pamed the axis of the cone. 

7. XJV. And the circle itfetf is named 
the bafeof the cone. 

8. Xy. Cones which have their axift 
at right. angles to the bafe, are named 
fight-'aiigled cenes. 

' 9. XVI. And cones which have nd* 
their axis at right angles to the bafe, ar* 
JJa^ledyf'fl/fn^ coneit^ 

P I^ O P. XXI. [Ptop. i.B.i, ApoU.] 

Straight lines drawn from the ver- 
tex of the furface of a cone t6 
, points in that furfaqe, are in 

that fame furface. 

Lee 
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' Let there be the furface of a cone : let ^8* * ^i 
A be its vertex | and having takca any 
point B in that furface, join * AGB : the 
ilraight line AGB is in that fame furface. 

Fer, if poffible, let AGB not be in the 
furface of the cone; and kt DE be the 
ilraight line with which the cone is defcri- 
bed, and the circle EF the bale ; and if DE 
be revolved in the circumference of EF, it 
will pafs through the point B ; and thus 
two ftraig^t lines AGB, AGB will have 
iht fame extremities : which is abfurd. 
Tkef!efore the ftraight line drawn from the 
point A to B, is not without the conical 
furface ; therefore it is in that furface. 

Cor. a ftraight line drawn from the 
vertex of a cone to any point within the 
furface, falls within the furface; but if 
drawn from the vertex to any point with-i- 
out the furface, it falls without the fur-^ 
face. '" 
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PROP. XXII. [Prop. 3.B.I. Jpol/,] 

* ' 

If a cone be cut by a plane paf* 
fing through its vertex, the fec- 
tion is a triangle* 

Tig. 12. Let there be a cone which has the point 
A for its vertex, and the circle BDC for 
its bafe ; let it be cut through the point A 
by any plane ; and let the fe<flions made 
in the furface be the lines AB, AC, and 
the fedlion in the bafe the ftraight [3. 11. 
Elem.] line BC ; ABC is a triangle. 

For fince the ftraight line drawn from 
the point A to B, is both in the cutting 
plane and in [21. i.] the conical fur- 
face, it is the common feclion of the 
two } therefore the fedion AB is a ftraight 
line : for a like reafon, the fedion AC is 
a ftraight line ; and BC too is a ftraight 
line : therefore ABC is a triangle* 

PROP, XXIII. [Prop. 4. j5, I . ApolL] 

If either of the fuffaces at the ver- 
tex be cut by a plane parallel to 

the 



BookL T H E P A RA B O L A. 53 

the circle in the circumference 
of which the ftraight line that 
defcribes the conical furface is 
revolved ; the plane inclofed 
within the furface is a circle 
having its \ centre in the axis ; 
and the figure contained by 
this circle, and that part of the 
conical furface which is inter- 
cepted between the cutting 
plane and the vertex, is a cone* 

Let there be a conical furface the ver- Fig. i>; 
tex of which is A, BC being the circle . 
in the circumference of which the ftraight 
line which defcribes the furface is revol- 
ved ; let it be cut by any plane parallel to 
the circle BC, an^ let this plane make in it 
a fe<5lion DLE : the line DLE is the cir- 
cumference of a circle the centre of which 
is in the axis. Take the . centre of the 
circle BC, and let it be F ; join AF j AF, 
confequentjiy, is [def ic] t;he axis, and 
meets the cutting plane ; let it meet it in 
O; next, let any plane pafs through the 
fame AF ; and the fedlibn made by this 

plane 
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pkae will be [zi. i.] a ttiangle AfiC« 
And biecaxife the points D^ G, £ are both 
in the cutting plane DLE, and in the 
plane ABC, DGE is [3. 11. Elem.] a 
ftraight line. Again, in the line DLE 
take any point H^ join AH, and produce 
it; AH lien will meet the circumference 
BG ; let it meet it in K, and join GH, 
FK : And becaufe the two parallel {Janes 
DLE, JBC .are cut by the plane ABC, their 
[16. 11, Elem J common fedlions with it 
are parallels : DE, coniequently, is paral- 
lel CD BC: and, for the fame reafon, GH 
is parallel to FK : therefore, as AF to [4* 6. 
Elera.J AG^ fo is FB to GD, FC toGE, 
^nd FK 130 GH ; and the three ftr%ight 
lines BF, KF, CF, are equal; therefore 
the three ftraight Ikies DG, GH, GE 
{^[4: 5. Elem.] are alfo equd. After the 
fame manner it may be desnoaftrated) tiui. 
^ay other ftraight lines whatever^ dra^a 
from the point G to the line I>LE, are e- 
<jual. The line DLE is, therefore, the 
circumference of a circle having its centre 
Ointhea^s^ > 



doK^ Tliefigurecontained by the circle 
j>LE^ and that part of thejcojiipl furfacp 

which 
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idiicii is intercepted between this cxrck 
md the point A, is a tone ; and the coror* 
mon fedtibn of the cutting pl^ne and the- 
tjiangle pa0ing through the axi§, is a dia^ 
meter of the circle DLE. 



PROP. XXIV. [Prof. s. B: i . Apott.'} 

• < » 

If a fcalene cone cut through the- 
axis by a plane at right angliea 
to the bafe, be cut alfo by ano* - 
ther plane at right angles to the 
triangle paffing through the 
axis ; if this other plane qut? 
off, towards the vertex, a tri-' 
angle fimilar to the triangle' 

, through the axis, but fubcon- 
trarily (ituated ; the fedtion made , 
in the cone by this other plane ' 
is a circle, ' 

I 

Let there be a fcalene cone, the vertex • 
rf which is the point A, and the bafe the ' 
circle BC ; let it be cut through the axis 
by a plane perpendicular to the bafe, and 

let the fe(3;ion be th^ mangle ABC \ let it 

be 
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be alfb cut by another plane at right angles 
to the triangle ABC ; and let this other 
plane cut off, towards the vertex, the tria- 
angle AGK fimilar to the triangle ABC, 
but * fubcontrarily fituated ; and let the 
fedlion made in the furface be the line GKH : 
this line is the circumference of a circle. 

In the lines GHK, BC take certain 
points H, L, from which let perpendicu-» 
lars be drawn to the plane of the triangle 
ABC; thefe ^perpendiculars will [38, 11. 
Elem.] fall on the common fedlions of the . 
planes : accordingly, let them be HF, LM : 

HF, therefore, is parallel to [6. 11. Elem.] 
LM : next, through F draw. DFE parallel 
to BC : the plane, therefore, which paiTes 
through FH, DE is parallel tq the; [15. ij. 
Elem.] bafe of the cone ; aud, for this rea- 
fon, the fedlion DHE is [23. i.] a circle, 
of which DE is a diameter : the redangle,^ 
therefore, contained by DF^ FE is equal 
to the fquare of FH, And fince ED is pa- 
rallel to BC, the angle ADE is equal to the 
angle ABC; and the angle AKG is placed 
equal to the angle ABC ; therefore the 



m 

• The meaning is this : The bafe GK is to be fo pla- 
ced, that it may make the angle AKG, and not the 
angle AGK, equal tQ the aaglc ABC. 

2 angle 
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ti&gk AKG is alfo equal to AD£ : and the 
angles at F are equal, for they are oppo-» 
fite vertical angles ; therefore the triangle 
DFG IS fimilar to the triangle KFE : there- 
Fore as EF to FK, ib is GF to FD; there- 
fore the redlangle EFD is equal to the f ent- 
angle KFG, ButthexeaangleEFD, (that 
is, the redlangle contained by DF, FE,) has 
been proved to be equal to the fquare of 
FH ; therefore the redlangle contained by 
KF, FG is equal to the fame fquare of 
FH. It may, in like mannier, be demon- 
ftratcd, that the fquare of any fh-aight 
line whatever, drawn from the line GHK, 
fo as to be ^perpendicular to GK, is equal 
to the redangle contained by the fegments 
into which that ftraight line divides the 
fame GK : the fc&xon GHK is, therefore, 
a circle having GK for a diameter *. 
-~ A fedHon of this kind may be named 
Mfubcontraryfeciion. 



PROP. XXV. 

If a cone cut through the axia by 
a plane, be cut likewise by ano- 

• See the lemma placed at the end of thi« book. 

H ther 
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tlier plane, cutting its bafe ill 
the diredion of a ftraight line 
perpendicular to the bafe of the 
triangle palling^ through the 
axis ; and if the common fe6lion 
of the triangle through the axjs, 
and of the plane cutting the bafe 
of the cone in the dire^ion of 
the pef pendicular, be parallel to 
one of the fides of the triangle 
through the axis ; the line 
' \v^hich is' the common fedion of 

T 

' the baife-cutting plane, and the 
conical furface, is a parabola 
having for a diameter the 
ftraight line which is the com* 
mon fe6tion of the triangle 
through the axi^, and the fame 
bafe-cutting plane* 

Let tli€te be a cone, die tert€!x of which 
is the point A, and the' bafe the circle BC ; 
let it be cut through the axis by a plane, 
aad let the fe<5lion be the triangle ABC ; 

kc 



Bookl^ The Pa ft ab 6 LA. 59 

let it be alfo cut by another plane, cutting 
its bafc in the diredlion of the ftraight line 
DE perpendicular to the ftraight line BC ; 
let the line DFE be the feclion made in its 
furface ; and let FG, the commo^ feclion 
o£ the triangle through the axis, and that 
other plane, be parallel to AC, one of the 
fides of that triangle ; the line DFE is a 
parabola, and FG one of its diameters. 

In the fedion DFE take any point H, 
^nd through^ H draw HK parallel to DE ; 
produce HK to FG ; and through K draw 
LM parallel ta BC: therefore the plane 
pafling through HK, LM is [15. li.E- 
km.] parallel to the plane thrpugh DE, BC„ 
that is, to the bafe of the cone : and, con-r^ 
fequently, the plane through HK, LMisa, 
1^23. 1.] circle of which LM is a diameter. 
But HK is perpendicular to, LM, [10. 11. 
Eiem.], becaufe DE is. perpendicular ta 
BC : therefore the reAangle LKM is equal 
to. the fquare of HK [35. 3. E1cti.]j and, 
in like manner, the recSlangle BGC is ^qual 
to the fquare of DG : therefore the fquare 
of DG is to the fquare of HK, as the rc<5l- 
angle BGC to the reiftangle LK^M j and. GC 
Ifi equal to KM ^ therefore ^e re^aiigle^ 
5QC. is to the redfanglc LKM, as BG ta 

H ^ LK^ 



6o CONIC SECTIONS. ' 

LK, that is, as GF to JCF : therefore the 
iquare of DG is to the fquare of HK as the 
fti-aight line GF to the ftraight line KF. 
Let, therefore, a parabola [19.1.] be defcri- 
bed, which may have GF for a dianjLeter,'and 
F for the vertex of GF, and in which DG 
may be qrdinately applied to the fame GF : 
and becaufe the point D, by conftrudlion^ 
isr in the parabola defcribed, the point H is 
like wife in this fame parabola \z cor. 13, i.]. 
And the fame thing may be demonftrated 
^ith regard to all the points of the fedUoii. 
DFE, 
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T'hefecond Lemma qfFappuSy as it h 
extant in the firjl book of Apollo^ 
nius^s Cmtc SeSiions* \ 

Let ABC be a line> and let AC be 
a ftraight line givefi in pofition; 
and let all the ftraight lines 
drawn from vthe line ABC, fp 
as t,6 b^ at ri^t angles to AC, 
be fuchy that-each of them may 
have its* fquare equal to the re^ 
single eontaiued by the fegments, 

into 




o 
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^ intp,wbich it cuts Ap ; ABC^is 
the circumference of a circle, and 
AC a diameter of that circle. 

From die points D, B, E draw perpendi- 

, f 

culars DFr BGr, EH: then the fquare of* 
DF is equal to the redkangle AFC, the 
fquare of BG to the redangle AGC, and 
the fquare of EH to the reftangle AHC, 
Bifea AQMnK, joining ^KD, KB,.KE: 
then, fince the redlanglc AFC, tojgether 
with tjic fquare of FK, is equil [5. 2.E- 
lem.] to the fquare of AK, and that the 
fquare of DF is, by hypothefis^ equal to 
the redangle A^C ; the fquare of DF, to- 
gether with the Iquare of FK, is equal tq 
the fqtfare of AK : thcrefoire the fquare of 
DK [47. 1 . Elem.] is equal to the fame 
fquare of AK : AK, therefore, is equal to 
KD. In like manner, each of the flxaight 
lines BK, EK may be proved to be equal 
to AK or KG; therefore ABC is the cir- 
cumference of a circle which has the point 
K for its centre, and is dcfcribed about 
AC as a diameter. 



^L£r 



• » 



ELEMENT S 



OF THE 



CO NIC SECTIONS, 



B O O K 



II. 



Of iKq El t tPSE. 



V 



DEFINITIONS. 

h TN two points D, E, taken in a planfc^ 
X are fixed the ends of a ftring : the 
length of the ftring is greater than the di- 
Ilance between thefe points, A pin H ap- 
plied to the ftring^ and held fo as to keep 
it umformly tenfe^ is moved round, tiil 
)t return to the place from which the mo- 
tion has commenced ; The point of the pin^ 
as it moves round^ defcribes upon the 
plane a line named the Ellipse. 

II, The points Dj E are named ihc/ocL 

in. 
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III. The point C which biie^ts the ftraiglit 
liM between the foci, is named the centre 

K>{ the eHipfe. 

IV. A ftraight liae pafling through th« 
centre, and terminated both wayn by the 
ellipfe, is named a diameter ; and the 
points where a diameter mxu tiie elUpfe, 
are named the vertices of that diafneter. 

V. The diajneter which . pafles through 
the foci, is named the greater axh. 

VI. The diameter perpendicular to the 
greater axis, is named the iefi aociis 

yil. Two diameters, each of i^^high bi-» 

feds all ftraight lines in the ellipie that 

are parallel to the odier, are named cQt^u^ 
gate diameters. 

Vllt. A ftraight line not pafling through 
the centre, but terminated both ways by 
the ellipfe, and bife<3:ed by a diameter, \% 
rfaid to be ordinately applied to that diame^ 
ter, or it is named, fimply, an ordinate to 
that diameter. Alfo a. diameter parallel to 
a ftraight line ordinately applied to ano- 
ther diameter, is ikid to be ordinately apr 
plied tp that other diameter^ 

IX. A third proportional to two conju- 
gate diameters is named the latus r^Bum^ 

or 



» 
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or thefaramtter^oE that diameter^ which 
is the fiiil^pf the three proportionals* 

X, A ftraight Kne which meets the el- 
Iip£e only in one point, is faid to touch it 
in that point. 






, PROP. I. Theor. = 

If two ftraight lines be drawn from 

any point in an ellipfe to the fo- 

» ci, they are together equd to 
the greater axis. 

f 

Fig. I. HD, HE drawn from H, a point in an 
ellipfc, to the foci D, E, are. together c- 
qual to AB the greater axis. 
. Becanfe H is a point in the ellipfe, HD^ ' 
HE are together equal to the length of the 
firing with which it is defcribed ; and be- 
canfe the point A is likewife in the ellipfe, 
DA, EA are together equal to the length of 
the firing. For a like reaibn, EB, DB 
are together equal to the. fame length: 
DA, EA are, therefore, equal to EB, DB. 
Take away the common part DE, and the 
remainder, to ' wit, twice AD, will be e- 

* ' ' ' • • * * TV 

qual to the remainder twice , EB : AD, 

therefore, is equal to EB. Add the com- 
4 mon 
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moil part AE ; and AD, together with AE, 
"Veill be equal to the greater axis : but AD, 
together with AE, is equal to the length of 
the ftring, that is^ to HD together with 
HE.;'thercfore''HD and HE stre. togethem 

equal to the greater axis AB. 

» * 

- CoR; t. The greater axis. is. bifedled in 
the centre C. For fince [def. 3.] DG is e-» 
qual.tQ EC, and that DA is equa^l to EB ; 
AG is equal to CB. 

Cor. 2. Two ftraight lines drawn from 
a point without an ellipfe to the foci, are 
together ^eater than the greater axis ; but 

if drjLwn from a point within an ellipfe to 
liie foci, they are [20. i. Ekm,] together 
le& than that axis« 

• GoR* ,3. A point is either i% without, 
or within., an elUpfe, according as two 
ftraight lines drawn from it arc? either e- 
qual to, greater, or lefs, than the greater 
axis. 

; Cor. 4.- The diftance of either vertex G 
gf the lefs axis from either of the foci, is 
equal to. half the greater axis. Join GD, 
GE: then, becaufe CD^ 'is equal to GE, 
CG common, and the angles at G right 
angles J the triangle CDG is equal to the 

I triangle: 



1 



y 
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. triangle CEG ; therefore DO is equal » 
EG : but DG and EG are together equal 
to the greater axis ; therefore each of them 
is equal to the half of it, 
• CoR. 5. The lefs axis FG is bifejftei 
in the centre. Draw flraight linjcs DE,; 
DG from the focus D to the vertices of the 
lefs axis ; t>F, DQ, by the preceding co- 
rollary, will be equal ; the angle DFC is, 
therefore, equal to DGC, and DCF, DGO 
are right angles ; therefore CF is [26. u 
ElemJ equal to CG* 

« 

PROP. II. Theor. 

The fquare of half the lefs axis is 
equal to the redtangle contained 
by the fegments of the greater 
axis, intercepted between the 
vertices of the greater axis ahd 
either of th6 foci. 

Fig. I. From either focus E to cither vertex G 
of the lels axis,, draw the ftraight line GE;f 
let C be the centre of the ellipfe, and A, B 
the vertices of the greater axis : then the 
fquares of GC, CE are together equal to 
the fquare of GE, that is, to the fquare 

[4 cor. 
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[4 cor. 1. a.] of CB, that is, to the red- 
angle. AEB together with the fqiiiare of 
EC [5. 2. Elem,] : take away the common 
Iqnare of CE, and the remaining fquard 
<tf GC will be equal to the remaining 
redtaagle AEB. 

PROP. m. Theoh. 

Every diameter of an ellipfe is bi- 
feded in the centre. • \ 

Let HK be a diameter ; it is bifeAed Fig, a^ 
in C : for if CK be not equal to CH, let 
Ck be equal to CH ; and from the points 
H, K, k draw ftraight lines to the foci 
D, E: then, becaufe CD is equal to CE, 
and that Qk is placed equal to CH ; the 
triangle DCH is equal to the triangle EC^, 
and the bafe DH to the bafe E*. EH, in 
the fame manner, is equal toJ)ki there- 
fore EK, DK are together equal to DH 
and HE together, that is, to EK and DlC 
together : which is [21. i. Elem.] abfurd ; 
therefore CH is equal to CK. 



la PROP^ 
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PROP. IV. Theor. 

, If a ftraight line be drawn from 3; 
point in an ellipfe, fo as to be. 
at right angles to the gteater* 
axis ; if another ftraight line be 
drawn from. the fame point to« 
the nearer . (to this point) of the 
foci; half the greater axis is to i 
the diftance of this focus from 
the centre, as, the diftance be- 
tween the centre and the per* 
pendiciilar is to the excefs or^ 
half the greater axis above the 
ftraight line drawn to -this fame 
, focus. 

\ 

Fig. I. From H, a point ift an ellipfe, let HR 
be drawn perpendicular to the greater axis 
AB) HE being drawn from the fame point 
to the focus E : CB, the half of the great- 
er axis, is to GE, the diftancie of the focu3 
E from the centre, as GK, the diftance be- 
tween the centre G, and the perpendicular 
HK, is to the excefs of CB above HE. 
^ Having 



j4 
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Having made BL equal to EH, and 
.drawn HD to the other focus, defcribc 
from the centre H, diftance HE, a circle 
medting the axis AB again in O, and the 
ftraight line DH in the points M, N : t;hen, 
becaufe DE is the double of CE, and 0£ the 
double of [3. 3. Elem, J KE, the whole, or 
the remainder DO, is double the whole, or 
the remainder CK : and becaufe DN is e*^ 
qual to DH together with HE, that is, to 
[i. 2.]AB, DN is the double of CB: but 
MN is the double of HE or LB ; therefore 
the remainder Dlil is double the remain- 
der GL : and becaufe of the circle, the 
redlangle NDM is [cor. 36. 3. Elem.] equal 
to the rectangle EDO ; therefore, as [i6, 6. 
Elem.] ND or AB to DE, fo is DO to DM : 
but the halves of magnitudes have the 
fame ratio to one another which^ the wholes 
have : as therefore CB to CE, fo is CK to 
CL, the excefs of CB above LB, or 
HE. 

CoR; If in a ftraight line AB giyen in Fig.n 
pofition and magnitude, and bifeded in °* 
C, a point E be taken, betwj^en the points 
JB, Cj and from the point H, KH be 
drawn perpendicular to AB j and HE be 

joined. 
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joined^ And BL placed equal to it towards 
the point G; and CL, CK, GE; BC be 

proportionals, and L, K be on the fame 
iide of G; the point H is in an ellipiegt* 
ven in pofition, that is, in an cllipie that 
hajs AB for. the greater axis, lund the pmt 
E for one of the foci. 

Make AD equal to BE, and, as direded 
in the firft definition, defcribe an ellipfc 
that fhall have AB for' the greater axis, 
and the poin^ D, E for the foci ; the point 
H will be in that ellipfe : for, if not, let 
KH meet the ellipfe in the point Q^; join 
EQ^, and make BR equal to it : therefore, 
by the propofition, as CR to GK, €q is CE 
to GB : but, by hypothefis, GL is to CK 
as CE to GB ; therefore GR is to CK as CL 
toCK: GL, therefore, is equal to CR{ 
which is abfurd: the cUipfe, therefore, 
meets not the ftraight line KH in Q^ j nor, * 
as noiay in like manner be proved, does it 
meet HK any where on the fame fide of 
AB but in the point H. It therefore pafles 
through the point H* 



PROP. 
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PROP. V. Theor. 

The isane conftru^on remaimng, ^ 
if there be placed from the near- 
er (to the point taken in the el- 
lipfe) . of the vertices of thef 
greater axis, and to^y^ards the 
centre, a f):raight line, equal to the^ 
diftance between the point in the, 
eUipfe and the nearer of the fo- 
ci ; the fquare of the perpendi- 
<iular is equal to the excefs of 
the rectangle contained by the 
fegments into which, the iame 
perpendicular divides the ^greater 
axis, above ' the reftangle con- 
tained by the fegments inter- 
cepted between the point where 
the placed line terminates to- 
wards the centre, <and the foci. 

From B, the nearer (to the point H) of Pig. i. 
the vertices of the greater axis, and to- °* **■** 
■wards the centre C, let BL be placed e- 

qual 
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qual to HE ; the fquare of the perpendicu- 
lar HK is equal to Ac excefi rf^e teBr 
angle AKB, contained by the fcgmentj 
into which HK divides the greater axis, 
:^ve the redangle . DLE, ccmtwincd by 
the fegments intercepted betwem L, wl^ere 
BL terminates, and the foci D, E. 

For fince the ftraight line CB is cut into 
any two parts in the point L, the fquares 
of BC, CL are together equal [7. 2. Elem.] 
to twice the redangle BCL, together with 
tihefqixare ofBL, that is, to twice [pw 
ced. prop, and 16. 6. Elem.] the redlangle 
ECK, together with the fquare of BL, or 
HE, that is, to twice the redlangle'ECK, 
together with the fquares of KE, KH, that 
is, to the [7. 2. Elem.] fquares of EC, CJK, 
and KH together : the fquares^ therefo«( 
of BC, CL are together equal to the fquares 
of EC, CK, and KH together: but the 
fquares of BC, CL are together equal [s-^ 
and 2. ax. Elem.] to the re<Slangle AKB, to* 
gether with the fquares of CK, CLj »^^ 
the fquares of EC, CK, and KH are toge- 
ther equal [5. 2. and 2. ax. Elem.] to the 
refbmgle DLE, together with the fquar** 
of CL, CK, KH ; therefore xhp reaangb 
AKB, together wit^h the fquares of Cn 
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^, are equal to, the! redlangle DLE, to-- 
gcther with the fquares of CL, CK, KH ; 
from tJiefe equals take away the commoa 
iquarcs of CK, CL, and there will remaia 
t;he reiSlangle AKB, equal to the redlangle 
DXiE, together with the fquarc of HK ; 
therefore the.fquare of KH is the excefs of 
the redtangle AKB sibove the rectangle. 
DLE. 

PROP. VI. Theoii. 

If a ftraight line b^ drawn from a. 

. point of an ellipfe, fp as to he 
parallel to either axis, and ta 
meet the other axis ; the fquare 
of the axis it meets is to the 
fquare of the other to which it. 
is parallel, as the redtangle con- 
tained by the fegmpnts of the 
axis it meets is to its own 
fquare. 

In the ellipfe let H be the point from Fig. i. 
which the ftraight line is drawn parallel °* '• ^« 
to either axis, &c. 

c Firft, let HK, drawn from the point H, 

K be 
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be parallel to the lefs axis FG, and mcce 
AB the greater in K ; the fquare of AB is 
to the fquare of FG as the reAangle AKB 
to the fquare of HK. Having drawn to 
the foci D, E two ftraight lines HD, HE, 
place^ from the vertex of the greater axis, 
and towards the centre C, the ftraight line 
BL equal to HE the lefler of them ; and 
becaufe CB, CE, CK, CL gire [4. 2.] pro^ 
portionals, their fquares are alfo propor- 
tionals : but the fquare of CB is [5, 2. E* 
lem.] made up of the fquare of GK and the 
fecflangle AKB ; and the fquare of CE rf 
the [5. 2. Elem.] fquare of CL and thcrefl" 
angle DLE } therefore the fquare of CB is 
[19. 5. Elem.] to the fquare of CE, as the 
remaining redlangle AKB to the remaining 
redlangie DLEj and, by converfion, the 
fquare gf GB is to the redlangle AEB, as 
tlie rectangle AKB to its excefs above tll« 
redanglc DLE, that is, as the re^^Dg'^ 
AKB to [preceding prop,] the fquare of 
KH ; but [3. 2 J the redangle AEB is ^ 
qual to the fquare of CF ; as, therefore 
the fquare of CB to %he fqtfare of CF, fois 
the redangle AKB to the fquare of KH; 
ths fquare, therefore, qf AB is to that oi 
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KJ, as the r^s^angle AKB to tli^ fqua^B 
ofHK. „. 

In ^6 Other <iafc, let, HP be the ftraigbt ». i.a. 
line drawn from the point paraljlel to tl\e 
greater axip^ and «^eeting the lefler in Pj 
the fijuare of FQ i* to the fquare of AB^ 
&c. The fquai?e of CB, a^ h^th been pro* 
yed, is to the fquare pf GF, as the re6:-* 
angle AKB to the fquare of HK or PC > 
therefore the fquare of CF [prop. B. and 
19. 5. Elem.] i« to the fquare of GB, as 
the redlangle FPG to the fquare of CK> 
that is, as the redangle FPG to the fquare 
i>fHP^ 

CoR. 1. Hence the fquares of flxaight 
lines drawn from points of an elUpfe to 
cither axis, fo as to bej)arallel to the other . 
axis, are to one another as the recflangles 
contained by the fegments of the axis met, 
:which^are between the ftraight lines and Fig, 8| 
its vertices. For let HM, PC^be parallel 
to the axis FG, and meet the other axis 
inM, Q^; and, by the propofition, the 
xedangle AMB is to the fquare of HM as 
the fquare of AB to the fquare of JFG, 
that is, as the redlangle AQB to the fquare 
<^f PQ^; and, alternately, the redangle 

JCa . AMB 
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AMB is to the redlangle AQB, as 
fquare of HM to the fquare of PC^. 
CoR, 2. If a circle fee defcribed upon ei- 
Fig. 2. ther axis as a diameter, iand MH, QP pa^ 
rallel to the other axis, meet it in the points 
N, R ; the fegments (of thefe pai-allels) be- 
tween the axis, and the tircnmference df 
the circle, are to oile anodher as the fegr- 
tnents betweeii the axis and the ellipfei 
for the redangles AMB, AQB are equal 
[35- 3- Elem.} to the fquares of MN, QR, 
each to each t therefore the fquare >of MN 
5s to the fquare of QR, as the! fquare df 
MH to the fquare of QP ; confequendy 
the ftraight lines MN, QR, MH, QP arc 
^Ifo [22. 6. Elem.] proportionals?. 

PROP. VII. Theor. 

Every ftraight line terminated 
•- both ways iii an ellipfe, and pa- 

rallel to either axis, is bifeded 
by the other axis ; or, what is 
the fame thing, the axes arc 
conjugate diameters. 

Let 
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Let HL be parallel to the axis FG, and Fig. a; 
meet the other axis AB iii M, and the cir- 
cle defcribed upon AB in the points N, O j 
then, as MN to MO, [2 cor. preceding 
prop.], fo is MH to ML : and becaufe NO 
is cut at right angles by AB, MN is equal - 
to [3. 3. Elem.} MO ; therefore MH is e- 
qual to ML. 



PROP. VIII. TheoR;, 

Every ftraightline terminated both 
. \7ays in an ellipfe, and bifedled 
by one axis, is parallel to the 0- 
ther. 

HP bifedted in S by the axis FG, is pa- Fig. 2, 
rallel to the other axis AB, Draw HM, 
PQ^parallcl to FC, and let them meet the 
circle defcribed upon AB in the points N, II : 
then, becaufe HM, FC, PQ^are parallds, 
as HS to SP, fo is MC to CQj but HS is 
equal to SP ; therefore, alfo, M6 is equal 
to CQ^; confequently MN is [14. 3. Elem.] 
equal to QR ; and therefore HM is equal 
to [2 cor. 6. 2.} PQ^ : but HM is alfo pa- 
rallel to PQ^; therefore HP is [3. 3, i. E- 
lem J parallel to MQ^ 

• CoR, 
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Cor, Hence flraight lines HM, FQ^^ 
paralldi to either axis FG, and which cut 
off* between the centre and the point! 
Inhere they terminate in the other axis^ e? 
qual iegments MC» QC of this other asS| 
lu^ equal to each other : and^ on th.e cQn^ 
trarj, if HM^ PQJ>e equal to each otherj 
and parallel to either axis, they, cut <m 
[2 cor. 6. 2. — 14* 3. Elem.] equal feg- 
ments MC, QC of the other axis« 



PROP. IX. Theor. 

Of all diameters the greater axis is 
the greateft, and the lefsaxis 
the Ifeaft ; and a diameter which 
is nearer to the greater axis, is 
greater than one more remote. 

Fig. a. Let CB be half the greacer axis, and FC 

half die Icfs ; kt CH be any other Had* 
diameter, and draw HM at right angles » 
CB : and becaufe the fquare of CB, is W 
the fquare of CF as the redangle AMB W 
the fquare of HM, and that [4. cdr. i* ^-l 
CB is greater than CF j therefore the red- 
angle AMB is greater than the fquare 01 

10' 
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HM : to theie unequals add the common 
fquAre of CM ; and the fqti^re of CB [5. 2^ 
Elem.] will be greatel- than that of CH 
[47. I. Elem.] ; and confequently the 
ftraight line CB ' will be greater than CH. 
Next draw HS at right angles to the lefs 
$xis, and it may, in the fame manner, be 
demonflrated, that CF is lefs than CH; 
therefore, of all femidiameters, CB is the 
greateft, and CF the leart. 

Let now CT be more remote from the Fig. 2i' 
greater axis than CH j CH is greater than 
CT : draw TV parallel to HM, and let it 
meet AB in V, and the ellipfe again in H, 
and let HZ be parallel to MV, and make 
tQjqualto CM. 

Becaufe the re<5langle AVB, which con- 
fifts of the * re6;angles AMB and QVM, 

is 



* This is demonftrated vs^ prop* ^t. book 7. of 
Pappus of Alexandria- The propofition b to this 
purpofc. *^ If in a ftraight line AB two equal ftraight 
^* lines A(^, BM be taken, and betwixt Q_ and M a Secfig.a. 
point V ; the rtaangle AVB is equal to the reftangles ^\ '^ 
AMB, QVM together." For AB being bifeded in C. 
theredangle AVB, together with the fquare of CV, is 
f f . 2. Elem.] equal to the fquare of CB, that is, to the 
redangle AMB, together with the fqpa^i: of CM [5. 2« 
Elom J that is, to th« re<SangIe AMB, together with 

the 
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is to the fquarc of VT, which [5. 2. Ekm,l 
is made up of the fquare VZ and reAangle 
TZX, as [i. cor. 6. 2.] the re^langle AMB 
to the fquare of MH or VZ ; the whole 
the redangle AVB, is to the whole the 
fquare of VT, as [19. 5. Elem.] the re- 
maining redlangle QVM to the remaining 
rectangle TZX : but the redlangle AVB is 
[35. 3. Elem.] greater than the fquare of 
VT ; therefore the redtangle QVM i^ alfo 
greater than TZX. To thefe unequals add 
the fquare of CV, and the fquare of CM 
[5. 2. Elem.] will be greater than the reft* 
angle TZX together with the fquare of 
CV. Superadd to the fame unequals, the 
fquare of MH or ZV, and the fquares of 
Cm, MH together, will be greater than the 
fquares of VT, VC together j that is, the 
fquare of CH is greater than the fquare of 
CT ; and therefore CH is greater than 
CT. 

the rectangle QVM, and tlie fquarc of CV [^ 2. Eiem.J 
Take away the common fquare of C V, and the re- 
niaining redl^ngle AVB is equal to both the rcraaining 

r^aangl^s AMB, QVAJ. 



LEM- 
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I 

LEMMA I. 

If a point. A be taken in a ftraight; Fig. 3. 4. 
line AE, and two parallels BC, 
DE be drawn on the fame fide 

m 

- of AE, and on the fame fide of 
the point A, or oh xk6 contrary- 
fides of AE, and on the contra-! 
ry fides of the jpoint A; if thefe 
parallels have the fame ratio to 
each other, as the fegments of 
AE, which are intercepted be- 
. tween them anjd the point A ; 
the extremities B, 15 of the pa- 
rallels and the point A are in 
the fame ftraight line. 

In the one cafe, complete the parallelo- Kg- > 
grams AB, AD ; thefe are fimilar, and have 
the angle at A common : confe^uently they 
are about the fame [26. 6. JElem.] diame- 
ter, that is, the points A, B^ D are in the 
fame ftraight line. 

In the other cafe, join BA, DAi and Fig, 4; 
becaiifc BC is to CA as DE to EA, and the 

L aAgle 
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angle BCA equal to DEA, the triangles 
ABC, ADE are equiangular, [6, 6. Elem.]; 
confequently the a6gle EAD is equal tp 
the angle CAB : and therefore AB, AD 
are [14. i, Elcm.] in the iamc ftraight 
line. 



LEMMA ir. 

Fig. 5.6. jf two parallel ftraight lines AC^ 

BD be drawn from t\vo points 
A, B, and other two parallels 
' AE, BF, either coinciding or 
not coinciding with the paral- 
lels AC, BD, and having the 

fame ratio to each other as the 
parallels AC, BD, and lying on 

the fame fide of AB, or on the 
contrary fides of it, according 
as the fame parallels AC, J3I) 
are on the fame fide of AB ot 
on the contrary fides of it, be 
placed from the fame points ; if 
a /ftraight fine he drawn through 

the extremities of either of the 

pair* 
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pairs of parallels, the point 
where it meets AB, and th^ 
extremities of the other tvb 
parallels, are in the fame ftrai^nt 
line^ 

L6t a ftraight line, be drawn, for exam- 
tile, throtigh C, D the extremities of AC, 
BD, and let it meet the ftraight line AB 
In the point G ; the extremities E, F of the 
ether two parallels AE, BF, and the point 
G, are m the iame ftraight line. For 
fiaoe the triangles AGC, BGD are equian- 
gular, AG is to BG as AC to BD: btit AG 
is to BD (by hypothefis) as AE to BF ; 
therefore AG is to BG as AE tcJBF: don- 
fequently, by the preceding lemma, the 
jpoints G, E, F are in one and the fame 
ftraight line. In like manner, if a ftraight 
line be drawn through the extremities 
E, F of the parallels AE, BF, the point 
where it meets AB, arid the extremities 
C, D of the other two parallels, areiiji the 
fame ftraight liaeJ 
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LEMMA III. 

The fame things being Hill fuppo- 
fed which are fuppofed in the 
fecond lemma, if through the 
extremities of either of the pairs 
of parallels two ftraight lines be 
drawn parallel to each other, 
and meeting AB; the ftraight 
lines that join the two points 
where AB is met, and the cor* 
refponding extremities of the o- 
ther two parallels, are likewife 
paralleL 

Fig. 9. For example, let CH, DK be drawn pft- 
10.11. i^allel to each other through the extremi- 
ties CD of the parallels AC, BD; and let 
them meet A, B in the points H, K ; the 
ftraight lines EH, FK, which join the ex- 
tremities of the other two parallels AE, Br, 
and the correfponding points H, K in the 
ftraight line AB, are likewife parallel. 

Becaufe both AC, BD, and CH, DK, 
are parallels, the triangles ACH, BDK 

are equiangoilar J therefore AH is to'BK 

- . as 




$ 






t\ 
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as AG to BD, that is, by hypothelis, as 
AE to BF ; and the angle EAH is equal to 
FBK : therefore the triangle AHE [6. 6: E- 
lem.] is equiangular to BKF : therefore the 
angle AHE is equal to BKF ; and confe- 
quently EH is [27. or 28. i. Elem.] paral- 
lel to FK. 

PROP. X. Theor. 

If from any point (the vertex of 
either of the axis excepted) of 
an elUpfe, a Iftraight Hne be 
drawn parallel to either axis, and 
meeting a circle defcribed upon 
the other axis, and another 
ftraight line be drawn touching 
the circle in the point where the 
parallel meets it ; this other 
ftraight line meets the common 
diameter of the ellipfe and the 
circle ; and a ftraight Une drawn 
from tfie point where the com- 
mon diameter is met, to the 
point in the ellipfe, touches the 

ellipfe: 
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. cllipie : alfo a ftraight line •whicll 
is dra:WTi through the vertex of 
either axis parallel to the other 
ax-is, touches the ellipfe. 

• 

Fig. t2. Let E be the point in the ellipfe, anfl 
£F a ftraight line drawn parallel to either 
axis CD, and meeting a circle defcribed 
Upon AB in O ; let GN touch the circle 
in G^ and itkeet the common diameter AS 
inHj tl» ftraight line xhat joins die point 

H aod the poim taken in the diipfc 
Couches the ellipiie. 

Let C be the centre of the dlipfe and 
cirde, and join CG ; then becaufe CGN is 
a right angle, and GCB lefs tian the right 
angle JDCB, GN, CB wiU neceffarily meet; 
let them meet in H, and join H£ ; HE 
will touch the pllipfe x for if not, kt it, if 
poffible, meet the ellipfe again in K, and 
through K draw a ftraight line parallel to 
^F, and let t;he parallel through K. incet 
AB in L, aaid the circle in M : vthen, be- 
caufe EF is toKL 46 GF to ML,[2.'Cor. 6. 2.] 
and that the points H, K, E are iu- one 
ftraight line ; the points H, M, G are like- 
VfifQ m one [lemma 2.] ftraight line t the 

ftraight 
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V 

ftr»ght ]mcy . th^^refore^ HG meet* the 
circle in two points O and M • but, by hy-* 
pothefis, tliP fame HG wuch^s. the circle j 
which is abfurd : HE, therefore, meets 
not the cUipfc any where but in. the point 
E; and therefore it tcmches it in thii 
points ^ '* 

Next, through D, the vert^ of eithet Kg, it* 
axis CD, let a ftraigh|: li^ fee' drawn pa^ 
j-aUel to the other aids AB j this ftraight 
line touches the ellipfe : fcA- if not, let it, 
if poflible, meet the ellipfe again in O ^ 
and through O draw a ftraight line paral- 
lel to CD J and let the parallel through O 
meet AB in P, and the circle in Q^; alfb 
let CD meet the circle in R : then, becaufti 
CO is a parallelogram, CD iS equal to PO ; 
but as CD to PO, fo is CR to PQ^, [2. cpr, 
6.2.]; CR, therefore, and PQ^are equal : 
but they ar? aKb parallel ; therefore, if QR 
be joined, it will be pal'allel to CP ; and 
the angle QRC is, therefore, a right angle. 
And thus RQj^ drawn perpendicular to a 
diameter of the circle from the- extremity of 
tbat diameter, falls within the circle } which 
is abfurd, [16. 3. Elem.]; therefore DO 
^(Hiches xh^ elKpfe, 

^ z Con* 
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' Cor. I. If EH touch the dUpfe, and 
GH be joined, it may be ihewn in. the 
fame manner that GH touches the cu^ 
clc. 

CoR. 2. From a point in an ellipfe, (XH 
ly one ftraight line can be drawn whicli 
will touch that ellipfe : were it poffihlc for 
two ftraight lines to touch the ellipfe in 
one and the fame point, two could alfo 
touch the circle in the iame point ; and 
thus the cor. to 1 6. 3. £lem. would b« 
falfe. 

CoR. 3. A ftraight line cannot meet 
an ellipfe in more than * two points ; for 
could a ftraight line meet the dlipfc i» 
more than two points, a ftraight line tould 
alfo meet the circle in more than twft 
points ; which would be an abfurdity*. 
The ellipfe, therefore, is convex on the 
fide where ftraight lines touch it, btf 
concave on the contrary fide. 

CoR. 4, An angle contained by anydia* 
ineter, (the axis excepted), and a ftraigb 
line that touches the ellipfe in the vertex 
of that diameter, and is drawn towari 
the greater axis, is greater than a n^^ 
angle. Let CE be the diameter, EH tkc 
tangent, and AB the greater axis> the o* 
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ther things remaining as in the prapofi- 
tion ; the angle CEH is greater than CGH, 
that is, it is [21. i. Elem.] greater thaa a 
right angle. 

Cor. 5. The propofition points out a me- 
thod by which^ if the greater axis be given 
in pofition and magnitude, > a ftraight line 
can be drawn that ,will toucli an 'ellipfe in 
a given point. 

CoR. 6. Two flraight lines touching an. 
ellipfe in the vertices of a diameter are pa-* 
rallcL 

Let EH, ST touch the ellipfe in the ver- Fig. i ii 
tices of the diameter ECS, and let then\ 
meet the axis AB in H, T ; draw EF, SV 
perpendicular to the fame axis, and let EF, 
SV meet the circle defcribed upqn it ija 
G, X ; join GH, XT, which, by cor. j. 
will touch the cirqle: and becaufe GF,^ 
XV are divided in the f^me ratio, [ 2. cor, 
6. 2.] in the points E, S, aad that ECS is 
^ ftraight line ; therefore. . the points G,^ 
C, X are alfo in a ftraight line [lem. 3.] :. 
and becaufe GH, XT, which touch the 
circle in the vertices of the diampter GX,^ 
are parallels, EH, ST arq ajfo, paxallels,. 
[lem. 3.]; 

M P R O P. 
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PROP. XI. Theo». 

If from a point of an ellipfe two 
ftralght lines be drawn to the 
foci, and a ftraight Ene be drawn 
bife^ng the angle adjacent to 
that contained by thofe two 
ftraight lines ; that feight line 
touches th(? ellipfe, 

fig. 13. Cafe I. When the ftraight line-bife^Jting 
the angle is parallel to the greater axis, 
let AB he the greater axis, G the centre, 
and P, E the foci ; from a point F of the 
ellipfe draw the ftraight Unes FD, FE; 1« 
FH, which bifeds the angle EFG, be pa- 
rallel to the greater axi^ AB ; FH tojicks 
the ellipfe : making FG equal to FE, pk 
EG, and let it n^eet FH in H ; then, fip^^ 
f E is equal to FG, and FH common, and 
the angle EFH equal to GFH, EH is e^ual 
to HG : and FR, EP being pamllels, EH 
lb to HG as^DF to FG j DF, therefor*, i& 
cqu^l to FG, that is to FE; and io tie 
triangles DFQ EEC, l^C is commpn, ani 
DQequaltQ QEj ti^yefore the ^gles at 

I - C 






C afe equal : and thus teach of th<im is a 
right angle ; therefore GF is [def. 6. a.] the 
half of the lefs axis ; and, confequently^ 
FH, which is parallel to th^ other axis^ 
touches [lo, a.] the ellipfe* 

Cafe 4. The conftrucftion Remaining the Fig. i4i 
iame in other refpedh as in the preceding> 
cafe, let? now FH meet the greater axis in 
K, and draw FL at right angles to thej 
£ime axis^ and let it meet the circk defcri- 
bed upon AB in th^ point M : joining MK, 
and drawing MG to the centre^ make £N 

equal to EF} AN will confequently [i»2.] 
be equal to DF : and fince the outward 
angle EFG of th6 triangle DFfi is divided 
into two equal parts by thellraight line FK^ 
which meets the bafe DE in the point K^ 
DK is to KE as DF to FE [A. 6. Elem.], 
that isi as AN to NB t and, by compofi- 
tion, DK together* with KE is to KE as 
AB to NB: take* the halves of the antece- 
dents, and CK will be to KE as CB to BN;- 
is^ndi by cohVerfion and alternation^ GK is 
to CB ai CE to CN, that is, as GB to CL 
f 4. 2.] : but GB is equal to CM ; therefore^- 
as CK to CM, fo is CM to CL 1 therefore 
the triangle CMK is equiangular [6. 6 E- 
X^mJ] to CLM : but CLM is a right angle j 

M d therefore 
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therefore the angle CMK is alio a right 
angle; and confequently the ftraightlinc 
MK touches the circle, |"i6. 3. Elcm.]; 
dierefore FK touches the ellipfe. 

Otherwife : produce DF to G^ fo that 
FE may be equal to FG ; and in FK take 
any point O, and join OD, OE, GO, and 
EG, and let this laft meet FK in P; then, 
becaufe FE is equal to FG, FP common, 
and the jangle EFP equal to GFP ; EP, GP 
are cqual^ and the angles at P right angles} 
therefore OE is equal to OG : but DO, 00 
are together greater than DG ; confequent- 
ly DO, OE are together greater than the 
fame DG, that is, than DF, FE together, 
that is, than the greater -axis AB: the 
point O is, confequently, without the el- 
lipfe, [3. cor. I. 2,]; and, confequently, 
FK touches the ellipfe, 

CoR. On the contrary, if a ftraightlinc 
FK touch the ellipfe, and DF, FE be 
drawn from the point of contact to the fc" 
ci ; the angles DFO, EFK, which DF, FE 
make with the touching line in contrary 
diredlions of it, are eqdal. For let them be 
unequal ; then DF being produced to G, 

the angles EFK, GFK are likewife unequal' 

but 
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1 

but by the propofition, a ftraight line 
which bifedls the angle EFG touches the 
ellipfe J and by the hypothefis, FK touch- 
es it in the point F j which is [2. cor, ic. 2.] 
abfurd. 

PROP. XII. Prob. 

The greater axis of an ellipfe be- 
ing given in pofition and mag- 
nitude, and the foci being given, 
to draw a ftraight line parallel 
to another ftraight line given in 
pofition, and which fhall touch 
the ellipfe. 

Let AB be the greater axis, D, E the fo-* ^'8- Mi 
ci ; let ST be given in pofition : from E, 
either of the foci, draw EV at right angles 
to ST, and from th6 centre D, with a di- 
fiance equal to AB, defcribe a circle ; this 
circle will meet EV in two points ; of 
which let G be either ; and having joined 
DG. draw EF to it, and let EF make the 
angle GEF equal to EGD ; and through 
F draw FK parallel to ST j FK touches 
the ellipfe in the point F. 

Becauie 



Bi^aufe tHe angle GEF is eqvtal to EOF^ 
EF is equal to FG ; therefore DF, FE artJ^ 
together equal td DG,' that isi to the^ 
grefater axis AB : the pbint F is, therefore, 
in [3. cor. i. ^.] the ellipfe. Let FK meet 
the flraight line VE in P ; and becaufe FK, 
ST are parallcig, EV at right angles to St 
is likewife at right angles to FP : there-' 
fore the angles' fiFP, GFP are eqii&l; ind 
therefbre FR touches thd ellij^ft. In like 
manner, by employing the oth^ poiitj 
vfhti"c the cirdc defcribed from the centrt 
D meets EV, another tangent can bd 
drawn parallel to ST. 

PllOP. XIIL THEoit. 

Every ftraight line parallel- to- a 
ftraight line that touched thd 
eiiiiJre, and' tertnifiated botif 
Ways bf the ellipfe^ is biieated; 
by the diameter that pafles 
through the point of eontadv 

If the diameter be either of the axe^, a 
tangent drawn through its vertex^ is parak 
lei to the other axis, [ I o; and 2.<:t)r; ii>i2.]} 

and 



- \ 
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,imd .cbu^ Si ili^btiine -paralkl ^ jdhttaiv 
jent is (dfo piu^Ud jto .<^is other axis; 
.and C(t»ifc^»$ffliijly j^ :ti^<^ed^7 fche dUme- 
:tisr (or a;ps) that ftaSbs jEhcou|;h idie point 
of ?:<jn^H^.[7i;^.J. 

Bsit Jet JCE Jbc irny-ather 4iameter, and ^'?- 'S* 

' 0. i» i« 

io its vert^ let £f touch the elH{)^j 1^ 
<GH, pacallfil to EF, be terminated in G, 
H, two points of the eUipfe j and let GH 
meet the diameter CE in K. j GK is eq^ual { , 

V 

)L^ ;thie tapgflftt EF jneet either aids AB 
jiaFj kit GH xad&t the iame a?ds in h\ 
through die points ;E, O, H draw EM, 
XjN, HQ perpendiculars to AB, -and let: 
them meejt the cirde defcribed upon AB 
in the points F* Q^, R ; join FP, LQ^, 
^P; letl^Dfte^ <3»in the points, and 
join SK^ : then, t^caufc EF touches .the «!»• 
iipfe, FP tflWch^ the circle; and becaufe 
the parallels C^, RO are cut in the fame 
ijatip in the points G, H, and that HGL is 
a ftraight line, the points L,Q^, R are in ft 
ilraight Ime [lemma 2,]. Again, fince 
Slic parallelsoPM, QN are cut im^ famii 
xatio in the points E, G, through which 
Ihc parallels Jgy, GL are drawn, FP, LQ * 

^rgiifeewifc parcels [kpi. 3.]; CS, con- 

<e<juentljr, 
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fequehtly, is to SP as CL to LF, that is, 
as CK to KE : therefore KS is [2. 6. Elea] 
parallel to EP, and confequently to QN, 
RO ; therefore GK is to KH as QS to SR: 
but QS is equal to SR, becaufe CP being 
. at right angles to PF, which touches the ' 
circle, is alfo at right angles to RQ^, whick 
is parallel to PF j therefore GK is equal to 
KH. 

Cor. I. On the contrary, any ftraigirf 
line GH, terminated both ways by the 
ellipfe, and bifec^ed by the diametorCE; 
or, in other words, any ftraight line ordi* 
nately applied to the diameter Cp, is pa- 
rallel to a ftraight line EF, which touches 
the ellipfe in the vertex of this diameter. 
For, if not, draw a tangent that fliall bf 
[12. 2.] parallel toGH; and GH will be 
bifedled 1^"^^ the diameter whic^ paff^ 
through the point of contact : but, by bf 
pothefis, the fame ' GH* is bifeded by ano' 
ther diameter CE ; which is abfurd. 

Cor. 2. All ftraight lines ordinately af 
plied to the farife "diameter are paralkl ^ 
one another. 

CoR. 3. If two or more parallels be ter- 
minated both ways by an elUpfe> the dia* 
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meter which bHedts the one, or one of* 
them, bifeds alfo the other, or the reft oif 
them I for that one which is bifeded by a 
diameter, is parallel to the ftraight line 
touching the ellipfe \n the vertex of tha^ 
diameter; and confequently the other, or* 
the reft, is or are parallel to the famei 
tangent ; and therefore is ' or are bifedled 
by the fame diameter* 

CoR. 4* But a ftraight line which bi^ 
fe6ls two parallels terminated both ways 
by an ellipfe, is a diameter : for if it bei 
not, draw a diameter bifedling the one of 
the parallels, and this diameter ^ill: alfb 
bifedl the other of them : but, by hypo- 
thefis, each of them is bifedled by another 
ftraight line j which is abfurd. And if 
from the point of cbntadl, a ftraight line 
be drAwn bifedirig another ftraight linef 
parallel to a ftraight line that touches 
the ellipfe, and terminated both ways by 
the ellipfe, that ftraight line is a diameter i 
for if it be not, draw a diametef through 
the point of contadl ; this diameter bifeds 
the parallel to the tangetlt ; whicih is ab-» 
furd. 

Cor, 5. A ftraight liiid which is dtiwtt 
through the vertex of a diameter^ and i» 

N parallel 
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parallel to an ordinate to that diameter, 
touches the ellipfe. 

Cor. 6. Two ftraight lines in an elliple, 
which pafs not through the centre, do not 
bifecl each other : for if they bifedled each 
other, they ^ould be each of them parallel 
to a ftraight line touching the elliple in 
the vertex of the diameter drawn through 
the point of bifedlion-, and of confequencc 
they would be parallel to each other j 

which is abfurd. 



PROP. XIV. Theor. 

Two diameters of an ellipfe, eithei? 
of which is parallel tQ a ftraight 
line touching the ellipfe in ei- 
ther vertex of the other, are 
conjugate diameter &. 

.*^f; ^l' Let ET, VX be two diameters ; let ei- 
ther of them, VX, be parallel to EF, a 
ftraight line touching the ellipfe in the ver- 
tex E of the other j ET, VX ape eonju- 
gate diameters. 

Through the viertices E, V draw to ei- 
ther axis AB ftraight Ujie& EM, VY paral- 
lel 



1. 2. 
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Jel to the other axis CD : and let EM, VY 
meet the circle dcfcribed upon AB in the 
points P^ Z, on the fame fides of the circle 
on which are the points E, V j and from 
the point F, where EF meets the ^xis AB, 
draw the flraight line FP, which will 
touch fhe [i. cor. lo. 2.] circle in P; an4 
from the point Z, the ftraight line Za 
touching the circle, and meeting the axis 
in a ; join aV; aV will touch the [10. 2. J 
ellipfe; and, laft of all, from the centre 
draw CP, CZ. 

Then, becaufe the parallels PM, ZY are 
cut in the fame ratio in the points E, V 
through \Yhich are drawn the parallels EF^ 
VC; FP, CZ are [lem. 3.] alfb parallels: 
Jbut CPF is a right angle ; confequently 
PGZ is alfo a right angle : and CZa is a 
right angle; therefore CP^ 'Zuz are paral- 
lels : and confequently GE and aV are p^-* 
rallels : therefore ftraight lines parallel to ^ 
CE will likewife be parallel to Va, which 
touches the ellipfe in V ; and of confer 
quence they will be/bifedled [1^. 2.] by 
the diameter CV : and becaufe CV, by hy^ 
pothefis^ is parallel to EF, all ftraight lines 
parallel to CV will likewife be parallel to 
EF, and will confequently be bife(Sed by 

N 2 the 
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the diameter ;CE ; therefore CE, CV arc 
conjugate diameters [7. def. 2.] 

Cor. I. And fince CV is the only dia- 
meter that can bifedl ftraight lines parallel 
to CE, and terminated both ways by the 
elliple, CV alone is conjugated to CE. 

CoR. 2. If, therefore, CE, CV be con- 
jugate diameters, each of them is parallel 
to the tangent drawn through the vertex 
of the other. 

CoR. 3. On the other hand, a ftraight 
line which, . when drawn through the ver- 
tex of a diameter, is parallel to the diame^ 
ter conjugated to that diameter, touches 
the elUpfe in that vertex. 

CoR. 4. A ftraight line parallel to a dia- 
jneter, and terminated both ways by the 
ellipfe, is bifeded by the diameter conju' 
gated to that diameter : for it is parallel to 
the ftraight line which touches the ellipfe 
in the vertex of this diameter conjugated 
to the other ; and confequently it is bifedl- 
ed by this f^me conjugated diameter. On 
the other hand, a ftraight line bifedled by 
fi diameter, is parallel to the diametCF coor 
lugated tp that diameter, 

PROP, 
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PROP. XV. Theor. 

Jf from a point in an ellipie to ei- 
ther of two conjugate diame- 
ters, a ftraight line be drawn 
parallel to the other, the fquare 
of the diameter to which the 
, ftraight line is drawn, is to the 
fquare of the other diameter, as 
the re6langle contained by the 
fegments into which the ilraight 

line divides the diameter to 
which it is drawn, is to the 
fquare of that ftraight line. 

» 

Let ET, VX be conjugate diameters, Fig- «S^ 
and from a point G of the ellipfe draw GK 
toET, parallel to ' VX ; the fquare of ET 
is to the fquare of VX as the redlangle 
EKT to the fquare of GK. 

For fince ET, VX are conjugate diame-^ 
ters, VX* is parallel to the tangent EF, 
drawn through the vertex E of ET : and 
the fame conftrudion as in the two fore-^ 
going propofiuojis (lill T^maining, and 
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what was there demonftrated being ftlll 
kept in. view, let SK, when produced, 
meet AB in the point ^ ; and through G 
draw the ftraight line Gy parallel to die 
lame AB, and meeting Sfi in y ; then, be- 
caufePCZ is aright angle, and that the 
angles CPM, MCP are together equal to a 
right angle ; the angle PCZ is equal to the 
fame CPM and MCP together : take away 
the common angle MCP, and the remain- 
ing angle MCZ is equal to the remaining 
CPM; and CP, CZ are e^al; therefore 
the right-angled triangles PMC, CYZ are 
equal; PM is, therefore, equal to CY: 
but fince PM, Sfi, and PF, SL are paral- 
lels, the triangles PFM, SLA are equian- 
gular: and thus CPM, SLA arc [8. 6. E- 
lem.] alfo equiangular ; therefore CP is to 
PM as SL to La, that is, as SQ^toW 
[2. 6, Elem.] ; alternately CP is to SQ^as 
PM to NA : but PM having been proved 
equal toCY, and that Gr is equal to W; 
PM is to NA as CY to Gy : and the tri- 
angles CVY, GK7 being equiangular, CY 
is to Gy as CV to GK ; therefore CP is to 
SC^as CY to GK ; hence the fquare of 
CP is to the fquare of SQ_, as , the fquare 
of Cy to the fqijare Qf GK : but the fijuare 
of CP is to the fquare of CS as the fquare 

of 
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of CE to the fquare of CK ; and, by con-* 
verfion, and prop. 47. i . Elem. the vfquare 
of CP is to the fqnare of SQ^ as the fquare 
of CE to the redlangle EKT : the fquare; 
therefore, of CE is to the redangle EKT^ 
as the fquare of CV to that of GK ; alter- 
nately, the fquare of CE is to the fquare of 
CV as the redangle EKT to the fquare of 
GK : therefore the fquare of ET is to that 
of VX, as the reftangle EKT to the fquare 
of GK. 

Univerfally, then, the fquare of any 
diameter is to the fquare of its conjugate^ 
as the re6langle contained by the fegments, 
intercepted j;)etween its vertices and a 
ftraight line ordinately applied to it, is to 
the fquare of the fegment (intercepted be- 
tween the ellipfe and it) of the ftraight line 
ordinately applied: for an ordinate to a 
diameter is parallel to the tangent drawn 
through the vertex of that diameter ; and 
therefore is parallel to the diameter conjur 
gated to that diameter., 

CoR. I. The fquares of ftraight lines or-* 
dinately applied to the fame diameter, are 
to one another as the redlangles contained 
by the fegments of that diameter, ^^ wa$ 

demonftrated 
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demonftrated [i. cor. 6. 2.] widi regard to 
the axes. 

Cor. 2. If ET, VX be conjugate diame- 
ters of an ellipfe AT, and from a point G 
a ftraight line GK be drawn paraDel to 
VX, one of the conjugates, and meetiDg 
the other ET in K ; and if the fquare of 
ET be to the fquare of VX as the red- 
angle EKT to the fquare of GK ; the point 
G is in the ellipfe : for if GK meet not the 
cUipfe in the point G, on that fide, on 
which G is, of the diameter ET; let it 
meet the ellipfe in S : then, by the propo* 
{ition, the redlangle EKT is to the fquare of 
SK as the fquare of ET to the fquare of 
VX, that is, by hypothefis, as the red- 
angle EKT .to the fquare of GK : kncfi 
the fquare of /K is equal to the fquare of 
GK ; and thus the ftraight Une XI^ is equal 
to the ftraight line GK ; which is impof* 

fible. 

CoR. 3. If from two points G, «, one 
which, £, is in the ellipfe, there be dra 
to the diameter ET ftraight lines GK, 
parallel to ftraight lines ordinately appli 
to the fame ET ; if the redlangles EKT, E^ 
contained by the fegments of the diamet 
ET, w;hich are intercepted between its vci 

a tic( 
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tices and the . parallels dr^wn to it, havo 
the fame ratio to eacli other as the fquares 
of GK, *? ; the other point G is likewyfe 
in the ellipfe. This is dcmonftrated from 
cor. I . in the fame manner as the fecond 

corollary from the propofition. 

CoR. 4. If a circle be defcribed upon ^^2* ^^^ 
AB, a diatneter of the ellipfe, and fti*aight 
lines DE, FG be drawn ordiiiately applied 
to the diameter AB $ and from the ppints 
D, F ftraight lines DH, FK be drawn per- 
pendicular to the fame AB, and meeting 
the circle in the points H, K j the perpen- 
diculars DM, FK have the fame ratio to 
each other which the ordinates DE, FG 
have J for the fquaris of DE, FG havd thg 
iame ratio to each other which the redl- 
angles ADB, AFB have, th'kt is, which 
the fquares [iS^S' Elem.] of DH, FK have i 
therefore DH i$ to, FK as DE td FG, [22* 
6. Elem.] 

Cor* 5. And if twd ftraight lines ordi- 
nately applied to a diameter, cut off, be- 
tween the centre and the points where the^ 
meet that diameter, equal fegmdnts of that 
diameter, they are 6qual : aiid if equal, 
they cut offj between the centre and thefe 
points, equal fegments. 

O PROP. 
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PROP. XVI. Theor. : 

If from a point of an ellipfel; 
ftraight line be ordinately z^ 
plied to a diameter, and frorii 
the point where the ordinatfe 
meets the diameter a perpendi- 
cular be drawn meeting the cir- 
cumference of a circle defcribed 
upon the diameter; if a ftraight 
line touching the circle in the 
extremity of the perpendicular 
meet the diameter; the ftraight 
line that joins the point where 
that tangent and the diameter 
meet, and the point in the el- 
lipfe, touches the ellipfe. On 
the other hand, if the ftraight 
line touching the ellipfe meet 
the diameter, the ftraight line 
that joins the point where they 
meet, and the extremity of the 

^ perpendicular^ touches the circle 
in that extremity. 



I 



/ « 
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E being a point in the ellipfe, ED drawn pig, j^f. 
ordioately applied to AB a diameter, and 
there being drawn from the point D, wher* ■ 
the ordinate and diameter meet, a perpen- 
dicular DH, that meets the circle defcri- 
bed upon AB in H; if a ftraight line 
'toudiirig the circle in H meet the diame- 
ter AB in the point L ; the ftraight line 
EL that joins L and the point E in the 
ellipfe, touches the elUpfe in the point E. 

For if EL touch not the ellipfe, let it, 
if poiEble, meet it in another point M ; 
and through M to the diameter AB draw 
MN parallel to ED ; and let NO, drawn 
through N at right angles to the diameter 
AB, meet the circle in O on the fame fide 

of AB on which H is : fince, then, the pa- 
rallels DE, NM are drawn from the points 
U, N, as alfo the parallels DH, NO, which 
have the fame ratio to each other [4 cor. - 
preced,] which DE, NM have, and that 
the points E, M, L are in a ftraight line i 
therefore the points H, O, L [lem. ij are 
in a ftraight line j the ftraight line LH„ 
therefore, cuts the circle : but, according 
lo the hypothefi.s, it touches the circle; 
•vjrhich is abfurd : therefore LE touches the 
ellipie* 

O ^ It 
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It may be {hewn, after the fame man- 
ner, that if £L tDudies the cSiple, LH 
touches the circle. 



Con. Hence a method is pcnnted oot, 
by which if a diameter of an eHipefe be gi* 
Ten in pofition and magnitude, and the 
angle which that diamcrrr makes wkh aay 
ftodght line ordinatdy applied tp it, te 
given, a ftraight line can be drawn thtf 
yniX touch the eilip(e in a given point 



PROP. XVIL Theor. 

If froni a point of an cUipfe a 
ftraight line be drawn touching , 
that ellipfe, and meeting a dia^ i 
meter ; if from the point of cofr 
tad: a ftraight Hne be ordinately 
applied to that diameter; the 
femidiameter is a mean propor- 
tional between the fegments of 
the diameter that are intercept* 
ed between the centre and the 
tangent, and between the centre 
and the ordinate ; and the feg- 

caentJ 
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t ments (of the diaiaeter) inter- 
cepted between its vertices and 
the tangent, have the fame ra- 
tio to each other as the feg- 
tnents (of the fame diameter) in- 

'- tercepted between its vertices 
atid the ordinate. 

- ■ . V 

£ being a point in the cllipfe, EL Fig. itfw 

touching the cllipfe, and meeting the dia- 

, meter AB in L, and there being drawn 

' from the point of contadl a ftraight line 

ED ordinatcly applied tp the diameter AB ; 

the iemidiameter CB is a mean proportio- 

• nal between CL, CD, the fegments (of the 
diameter) intercepted between the centrp 
and the tangent, and between the centre 
and the ordinate. 

Having defcribed a circle upon the dia- 
meter AB, and drawn from the point D a 
ftraight line DH at right angles to AB, and 
: meeting the circle in H, join HL: then, 
^becaufe LH touches the [16. 2. J circle, and 
that HD is perpendicular to the diameter, 
.CD, CB, CL are proportionals, [8. 6. E- 

• lem.] 

Next, h^m& Q.^ taCB as CB to CD, 
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by converfion CL is to BL as CB to BD : 
double the antecedents, and twice CL is to 
BL as AB to BD j and, by divifion, AL is 
to BL as AD to BD. 



• Cor, I. Hence the redangle contained 
|by the fegments^ (of the diameter AB) in- 
tercepted between the ordinate and the 
centite, and between the ordinate and the 
tangent, is equal to that contained by the 
.fegments between the ordinate and the 
vertices of the diameter : for as CD, CB, 
CL are proportionals, the fquare of CB is 
equal to the recflangle DCL ; but the fquare 
x)f CB is equal to the redlangle ADB, to- 
gether with the fquare of CD, [5, 2. E- 
lem.J ; and the redlangle DCL is equal to 
the redangje CDL, together with the ianpie 
fquare of CD, [3. 2. Elem.]: therefore the 
xedlangle -ADB, and the fquare of CD, 
are together equal to the redlangle CDL . 
.added to the fame fquare of CD: take a- 
,way the common fquare of CD, and there 

.remains the redlangle ADB equal to 
CDL. 

CoR. 2. And the redlangle contained by 
the fegments (of the diameter AB) inter- 
cepted betw^ea the tangent and the centre^ 
i a and 



i^,M 
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4ind between the tangent and the ordinate, 
is equal to that contained by the fegments 
between the tangent and the vertices of the 
lame diameter AB : for the redlangle ALB 
and fquare of CB are together equal [6. 2. 
Elem.] to the fquare of CL ; and the redl- 
angles LCD, CLD are together equal [2. 2. 
Elem.] to the fame fquare of GL: there- 
fore, becaufe the fquare of CB has been 
proved equal to the redangle DCL, there 
remains the redangle ALB equal to the 
jredtangle CLD. 

PROP. XVIIL Theor. 

From a point of an ellipfe let a 
ftraight line be ordinately ap- 
plied to a diameter, and from 
the fame point let a ftraight line 
be drawn meeting the diameter 
on the fame fide (of the ordi- 
nate) on which the nearer (to 
the ordinate) of the vertices of 

the diameter is fituated : if the 
• fegment (of the diameter) inter- 

cepted between the centre and 

the 
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the point "where the diameter 
and the ftraight line meet, and 
the femidiameter, and the feg- 
ment between the centre and 
the ordinate be proportionals; 
if, next, the fegments between 
the point of concourfe of the 
diameter and ftraight Hne, and 
the vertices of the diameter, 
and between the ordinate and 
thofe vertices, be proportio- 
nals; if, thirdly, the fegments 
between the ordinate and point 
of concourfe of the diameter 
and ftraight line, between the 
ordinate and vertices of the 
►' diameter, and between the ordi- 
nate and centre, be proportio- 
nals ; or, laft of all, if the feg- 
ments between the point of con- 
courfe of the diameter and 
ftraight line, and the more re- 
mote (from the ordinate) of ..the 

vertices 
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• vertices of the diameter^ be- 
tween the fame point of con- 

» , , • " 

courfe and the centre, between 
the fame point of cbncourfe and 
the ordinate, and between the 
fame point of concourfe W the 
Other vertex of the diameter, be 
! proportionals: in all thefe cafes, 
the ftraight line drawn from the 
point in the eUipfe to the dia- 
meter produced, touches the el- 

• lipfe. 

Let E be the point in the elliple, and F!g. i & 
ED an ordinate to the diameter AB ; and 
let EL, drawn from the point iii the el- 
)ipfe, meet the diameter iu L ; if the feg- 
ment (of the diameter) CL, intercepted be- 
tween the centre and point of concourfe li 
of the diameter and EL, the lemidiametef 

CB, and the fegment DC, between the or-^ 
dinate and centre, be proportionals ; next,^ 
if the fegments AL, BL, between the point 
L and the vertices of the diameter, have 
tEhe fame ratio to each other, as the feg-^ 
meats AD, BD, between the ordinate and 
^ ^ P vertices J 
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yerdces; if, thirdly, titt f<^iB(eiit& DL, 
DA, DB, DC, between the ordinal and 
each (rf the points L, A, B, C, be propor^ 
donals; or;kftofall, if die fegments AL, 
CL, DL, BL, between the point L ancl 
each of the points A, C, D, B be propoiC 
lionals : in all thefe cai^ the ftraight line 
£L touches the ellipfe. 

Cafe I. If EL doa not touch the ellipfe, 
let EP touch it : therefore, by the prece- 
ding propofition, CP, CB, CD arc piopor* 
tionals: but, by hypoth^, CI^ CB, CD 
arc likewife proportionals; CP is, diere- 
fbre, equal to CL ; which is abfurd ; con- 
iequently EL touches die ellipfe. 

Cafe a. Becaufc, by hypothefis, AL is 
to BL as AD to BD, by compoiitioa AL 
and BL together {ire to BL as AB to BD; 
take the halves of the ^tecedents, and CL 
is to BL as CB to BDj and, by convertfion^ 
CL is toCB asCB to CD: therefore, by 
the firft cafe, EL touches the ellipfe. 

Cafe 3. Sine^ DL is to PA a§ DB to IXI 
by compofition LA is to AD as BC or. CA 
to CD J the remainder CL is, therefore, to 
the remainder AG or CB, as CBtoQPj' 
and, th^efore, by die firft <;afe, again, M^ 
tQUches the ellipfe, ^^ 

Caft 



• * 



Booklli This ELLiJSB* itS 

' "Gafij 4* By hypothdObj AL is to CL as 
l>L to BL J thcrefof e, by divifioOj AC of 
GB is to GL as DB to BL ; CB, therefore^ 
is to GL ad th6 remsdndeif GD to the re-» 
ihainder GB } and, inveriely, GL is to 
GB as GB to GD : therefore £L tduches the 

ellipfe. 

f R O p. XlX^ TH£dR» 

If from two venices of two conju- 
gate diameters two ftraight Ikies 
be ordinateiy applied to another 
diameter, the fquare of the feg- 
ment (of that other diametet) in- 

. tercepted between either ordinate 
and the centre, is equal' to- the 
rectangle contained by the feg- 
ments between the other ordi- 
nate and the vertices of that 
fame diameter* 

Let GA, GB be- th^ two eonjitgate dk- f;^ i^j 
l|let6rs, of which the points A^ B are ver- 
tices ; from A, B let At, BG be drdinate- 
ly applied to another diameter D£ ; the 

V% fqtiari 
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fquare of CG, intercepted be^twcen the or-* 
dinate BG and the centre, is equal to the 
redangle EFD contained by the fegments^ 
intercepted between the other ordinate AR 
and the vertices of DE ; and thfe fquare o£: 
CF, in liJee manner, is equal to the re6l- 
angle EGD. 

Draw AH, BK touching the ellipie in 
A, B, and meeting the diameter EJ) in H, K: 
ther^, becaufe both CB, AHj and BG, AF^ 
ate parallel, the triangle CfiG is equian* 
gular td HAf ; and becaufe BK is parallel 
to CA, the triangle GBK is alfo equiangu- 
lar to HAC; therefore CG is to FH as CB 
to AH, that is, as CK to CH : but CD is 
a mean proportional both between CG, CK, 
and between CF, [i6. 2.] CH; therefore 
CF is to CG as CK to CH : and CG, as 
hath been {hewn, is to FH as CK toCH; 
therefore as CF to CG, fo is CG to FH t 
and, confequently, the fquare of CG ig e-*' 
qiial to the redangle CFH : but the re:<5l- 
angle EFD is equal tb the fame [i. cor* 
17. 2.] CFH; hence the fquare of CG is e-- 
qiial to the reclangle EFD ; and take thafc 
equals from the fquare of CD, and there 
will remain the redlangle EGD equal to 
the fquare of CF^ [fee proj^r 5. i. Elem.] 

COR^ 
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Cor. I. Hence the femidiameter CD, to 
which the ordinates are drawn, is to the 
femidiameter conjugated to it as the di« 
fiance between either ordinate and the cen- 
tre is to the other ordinate : for the fquare 
of CD is to the fquare of CL as the reA- 
angle EFD to the fquare of AF, that is, (by 
tiie proportion), as the fquare of CG to 
the fquare of AF j therefore CD \g to CL arf 
CG to AF. In like manner^^ it may be 
fhewn, that CD is to CL asTCF to BG. 

CoR» 2. The fquares of the fegments of 
the diameter to which the ordinates are 
drawn, which fegiiients are between the 
ordinates and the centre, are togdthct e- 
qual to the fquare of the femidiameter : 
for fince the fquare of CG is equal to thd 
rectangle EFD, the fquare of CF, together 
with the fquare of CG, is equal to the 
fquare of CF, together widi the rectangle 
1&.FD, that is, to the [5. 2. Elem.] fquare 
of CD, 

Con. 3. Hence the fiim of the fquares 
of any two conjugate diameters is equal to 
the fum of the fquares of the axes. Let 
CD, CL be the femiaxes, and CA, CB con- 
jugate femidiametei's ; let AF, BG be per- 
pendiculars to CD, and AM, BN perpendi- 
culars 
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Cttlars t6 GL: then, becailfe the fqvfstre of 
CD, sis Was proved in the preceding d*ol- 
iarjr, is equal to the fquare of CF, toge^ 
ther widi the fquare of CG, arid that, by 
^e fame corollary, die fquare of GL is ti 
qttal to the fquare' of CM, together \ndi 
that of CN^ that is, to the fquare of AF^ 
together with that of BG ; the fquarcs rf 
CD; CL are togethier equal to the fq\tarc9 
of CF, CO, AF, BG : but the fqifares o^ 
AC, BC are together (47. 1. Eiexn^) equal 
to the fame fquares of CF, CG, AF, BG; 
^erefore the fqiiares of AG, BG ai^ toge^ 
iher equal to the fquare of CD added ti 
tibe fquare of CL s Hence the fum of die 
fquares of two conjugate diameters is equid 
to the fiun of the fqu^es of the axes« 
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if through th^ vertices of two 
conjugate diameters four ftraight 
lines be drawn touching the el- 
lipfe; the parallelogram formed 
by thefe ilraight lines, is equal 
to that formed by the tangents 
drawn through the vertices of 

any 



. any otHer twa conjugate diainen 
tera, 

, Let the ftralght lines OV, OY, YX, XV Fig. 17, 
touch . the .ellipfe in the vertipe» A, B, and 
|ii the vertices oppafia to A, B of two conju*' 
gate diatnetera^AiC, JBC ; in like manner, kt 
PT, PR, RS, ST touch the ellipfe in the ver^ 
(sees of the conjugate diameters DC, LC 1 
the Sgures OVXY, PRST are [6. cor. lo. 2.} 
parallelograms, and equal to each ot^n 

To the diameter CD draw. AF, BG pa^ 
raUel to CL, a:nd to the diameter CL drav^ 
AM,BN parallel to CD ; and let AO, BO meet 
the fame CD iii the points H, Ki and ha- 
Yipg joined 3H, complete the paralldor 
gram HGNQj 

Tlicn, becatife AH touches the ellipfe, 
^d that AF is drawn ordinately applied to 
th€ diameter CD, CH is to CD as CD to 
CF : and, by the firft corollary of the fore^ 
going propofition, CD is to CL as CF to 
BQ: therefore, by an inference, founded 
on what is called equality ofdi/lance^ [fee 19. 
def. B. 5. Elem.] CH is to CL as CD to BG 
or QH ; and the angles DCL, CHQ^are en 
qual, for they are alternate ; therefore the 
parf^llelogram, DL 15 equal to the paxallelo- 

gram 
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gram [14. 6. Elem.] NHi biJtNHa':the 
double of the triangle CBH, upon the f^unc 
bafe, and between the feme parallels ; and 
the parallelogram ACBO is the double of 
the iame triangle CBH, tqwn the fame ha£s 
CB, and between the fame parallels CB, 
AH; ACBO, therefore, is equal to NH* 
and the paraUelogram OL,: gs hat;h, beai 
ihewn, is equal to the fame NH;.the«5- 
fore the parallelograms DJL, AB are equal; 
and thus the parallelograms PRST, OVXY 
which are the Quadruples of DL, AB, arc 
equal. 

PROP. XXT. Theor. 

If a ftraight line touching an el- 
lipfe meet two conjugate diame- 
ters, the reftangle contained b? 

its fegments, between the point 
of contaa and the diameters, ii 
equal to the fquare of the femi^ 
diameter conjugated to thai 
which paffes through the poitij 
of contaift. 
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Let the ftraight line HZ touch the fel- Rg. 17. 
iipk in the point A, and let it maet the 
conjugate diameters CD, CL in H, Z ; let 
the femidiameter GB be conjugated to CM; 
die redtangle HAZ is equal to the fquare 
pfCB. 

For draw AF, BCi parallel to the dia- 
meter CL : and fince HF is to FC as HA 
to AZ, the redlangles HFC, HAZ are fimi- 
larj and HF is to HA as CG is to GB; 
therefore, fince the re(Slangles HFC, HAZ 
are fimilar, of which HF, HA are homo- 
logous fides, and that the fquares of GG^ 
CB ai'e fimilar figiures, the re^angle HFC 
[22. 6. Elem,} is to the redangle HAZ as 
the fquare of GG to the fquare of GB : but 
the redlangk HFC is equal to the redlangle 
[i cor. 1 7/ 2,] EFD, that is, to the [19. 2.] 
jfquare of CG ; and therefore the rectangle 
HAZ is alfo equal to the fquare of GB. 

CoR. If a ftraight line HAZ touch an 
elUpfe, and meet two conjugate diameters 
CH, CZ ; if the redangle HAZ be equal to 
the fquare of the femidiameter CB conju- 
gated to CA, ' which pafFes through the 
point of centadl j CH, CZ are two conju- 
gate diametersi 

Q^ PROP. 
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PROP. XXII. Theor. 

If from a point of aor ellipfe a 
ftraight line be ordinately ap- 
plied to a diameter, the red- 
angle contained by the fegments 
of the diameter is to the fquare 
of the ordinate as the dicuneter 
is to its latus reBum, 

Fig. 1 8. Let F be a point in atii ellipfe; ^rpmf 
draw PG, ordinately to the diameter AB( 
the redanglc AGB is to the fquare of :FG 
as the diameter AB to its latus rcBum. 

For let BH be'equal to the latus rcjffwn ; 
and fince the diameter AB, its. coigugatc 
DE, and latus return BH [9. def. 2.], ait 
proportionals, AB is to BH [cor^ 20. 6, E- 
leni;] as the fquare of AB to the fquare of 
DE, that is, as the redlangle AGB to the 
'fquare of FG [15.2.]. 



PROP. XXIII. Theor. 

If from a point of an elHpfe a 
ftraight line be ordinately ap- 
plied 
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plied to a diameter, and from 

the vertex of. the diameter a 
i ftraight Hne be drawn at right 

angles to the diameter, and 

equal to its /aius reBum\ the. 

iquare of the ordinate is equal 
. to the rectangle applied to the 
- lotus reSlutn ; which re6langle 
/ has for its breadth the abfcifla 
. ' between the ordinate and the 
• verte;;^ of the diameter, and is 
'. deficient by: a figure fimilar, and 
' fimilarly.fityated, to the figure 

contained by the diameter and 

the latus reSium. 

Let F be a point in the ellipfe ; from' F Fig. 18, 
draw FG, an ordinate to the diameter AB ; 
from the vertex of AB draw a perpendicu- 
lar BH, equal to the latus reflutn of AB ; 
the fquare of FG is equal to the recSangle 
applied to BH • which re(5tanglc has the 
abfciffa BG for its breadth, and is defi- 
cient by a figure fimilar, and fimilarly fi- 

0^2 tuated, 



I 
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tuated, to the redlangle BN, contained by 
the diameter Siudr laiiu return BH, 

Having joined AH, ^nd from G drawa 
GK parallel to BH, and meeting AH in 
K, complete the parallelograms KLHM, 
ABHN ; then, becaufe the recElangle AGB 
is to the fquare of FG as [^^22. 2,] ABto 
BH, that is, as AG to GK, that is, as the 
fi. 6. Elem.] redlangle AGB to the red- 
apgle KGB 5 the redlangle AGB is to the 
fquare of F G a^ the fame AGB to the red- 
angl? KGB : and thus the fquare of FG is 
equal to the redangle KGB, applied to the 
latus return BH j which redangle has for 
itjs breadth, the abfcifla GB, and is le£ 
than the redangle BM, by the figure 
KLHM, fimilar, and fimilarly iitnated, to 
BN. 

Front the above-mentipned fquare's be- 
ing equal to th? deficient redangle, Apol- 
Ipnius named the <?nrve line which is the 
fubjedl pf this fecond book, the EUipfe^ 

CoR. If front yhe vertex ^ of the diam?- 
;ter AB any ftraight lipe BQ be drawa e- 
.q.ual to the latus re^iun^ thpiigh not at 
right angles to AB ; join AG, ai^d through 
G draw GP parallel to PO ; the rediaiigie 
PGB is equal to the fqijjire ot FG. 

" ^ PROP, 
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PROP. XXIV. Prob. 

Two unequal ftraight lines which 
bifed: each other at right angles, 
being given in pofition and mag-> 
nitude, to defcribe an ellipfe of 
which thefe may be the axes. 

Let two unequal ftraight lines AB, DE, , ^*8* »^ 
which bifedl each other at right angles in 
the point C, be given in. pofition and mag- 
nitude ; it is required to defcribe an ellipfe 
of which thefe may be the axes. 

, From the extremity D of DE, the lefs of 
the two, place DF equal to CB, the half 
of AB the greater ; and from the centre D^ 
-with the diftance DF, defcribe a circle 
which will meet AB in two points; let 
ttefe points be G and H ; in which fix the 
ends of a ftring of the fame length with 
the ftraight line AB, and defcribe an el- 
lipfe, as was diredled in the firft definition 
of this book; the ftraight lines AB, DE 
will be the ^cs of this ellipfe. 

For fince the points G, H are tke foci of 
the ellipfe, and that GC is [3. 3. Elem.] 

equal 
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equal to CH, the point C is its centre, 
[3. def. 2.] ; and fiuce CA or QB is equal 
to the length of the half of the ftrihg^ the 
eliipfe pafies through the points A, 9 : it 
pafles likewife through D [4. cor. 1. 2.J, 
becaufe GD is equal to GA ; and through 
E, becaufe CD is equal to CE. 



Fig. 19. 



PROP. XXV. PROB. 

A ftraight line being given in po- 
fition and magnitude, and a 
point without it being given; to 
defcribe an eliipfe, of which 
that ftraight line Ihall be one 
of the axes, and which fball 
pafs through that given point ; 
but the given point muft be fo 
fituated, that a" perpendicular 
drawn from it may fall between 
the extremities of the given 

■ ftraight line. 

Let AB be the ftraight line giyen in po- 
G.udn and magnitude, and K the given 

^oint, fo £tua,ce4, Uiat a perpendicular. 

dra'VTQ 
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drawn from it tdwjtrds AB may fall be- 
twe6n the extremities of AB j it is requi- 
red' to defcribe an ellipfe which* may have 
AB for one of the axes, . and which mdy 
pafs through K. 

Draw KX at right angles to AB, and 
find a ftraight line DE fuch *, that the 
fquare of AB may be to the fquare of DE 
as the redangle ALB to the fquare of KL; 
and place DE perpendicular to AB, and 
let them bifedl each other, and with the 
fame AB, DE, as the axes, defcribe an el- 
lipfe; this ellipfe will pafs through [2 cor. 
15. 2. J the point K. 

PROP. XXVI. Prod. 

To find a diameter, the centfe, 
the axes, and the foci of an el- 
lipfe given in pofition. 

Draw two {Iraight lines parallel to each 
other, and let them be terminated both 

• Find a mean proportional between ALy LB [13. and 
17. 6* EIem.3 ; tkento the three followmg ftraight lines, 

viz. the mean proportional found, KL, and AB« find a 
fourth proportional [12. 6. Eleip.] ; this fourth propor* 
. tt<»al will be the DE wanted [22. 6. Elem-] 

* " Ways 



IR. lOi 
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ways by the ellipfe ; the ftraight Ime 
which biie<5ls them is [4. cor. 13. 2.] a dia- 
meter, ^nd the point bifediing that dia- 
meter is [3. 2.] the centre. 

In order to 6nd the axes, find the centre 
C, and in the ellipfe take any point A, and 
join CA ; and from the centre C, and with 
the diftante AC, defcribe a circle AF : if 
this circle falls wholly without the ellipfe, 
CA is the greatefl of the femidiameters ; 
and therefore the half of the [9. 2. J greater 
axis. Next, take any point C, and let a 
circle be defcribed from the centre C, with 
the dillahce CD ; if this circle falls wholly 
within the ellipfe, CD is the leaft of the 
femidiameters; and therefore the half of 
the lefs axiis [9. 2.] i or let the point G be 
taken; if the circle defcribed from the 
centre C, with the diflance GG, falls nei- 
ther wholly without nor wholly within 
the ellipfe, the ftraight line CG is the half 
neither of the greater nor of the lefs axis • 
the circle, confeqnently, mnft meet tjbe 
ellipfe again : let it meet it in H j and ha- 
ving joined GH, bifedl it in K ; CK will 
be one of the axes, and a ftraight line 
drawn through the centre perpendicular to 
CK will be the other : for iince GH is bi- 

J feaed 
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iefted by the diameter CK, it is parallel to 
the tangent AL drawn through the vertex 
of CK ; and CKG is a right angle : there- 
fore CAL is alfo a right angle ; and there- 
fore CKA is [4. cor. 10. 2,] one of the axes* 
The foci are found as in prop. 24. 

PROP. XXVII. pRaB. 

r 

Two conjugate diameters of an el* 
lipfe being given in pofition and 
magnitude, to find the axes, and 
defcribe the ellipfe. 

LetAB, Ct), be the given diameters j Fig.ai, 
let them meet each other in the centre E. 
Suppofe the probleni folved, that is, let 
FG^ HK be the axes to be fo\ind, and 
through A draw the ftraight line AL paral- 
lel to CD; AL will touch [3. cor. 14. 2,] 
the ellipfe in A, and will be given [28* 
dat.] in pofition : let the, fame AL meet 
the axes in the points L, M ; therefore the 
reiftangle LAM is equal to the fquare of 
CE, the half of the diameter conjugated 
to [^I. 2.] AB: but CE is given,, and, 
confequently, its fquare is given j there-* , 

K fore 
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fore die redlangle LAM is given : Let the 
redangle EAN be equal to LAM; and bc- 
caufe EA is given in pofition and magni- 
tude, AN is alfo given in pofition and mag- 
nitude ; and becaufe the rectangles LAM, 
EAN are equal, the points L, E, M, N arc 
[conv. ^^. 3. Elem.] in the circumference 
of a circle: therefore, if EN is bifefted in 
O, the centre of the circle will be in the 
ffraight line OP, which is at right angles 
to EN [cor. I. 3. Elem.]: but JLEM be- 
ing a right angle, the centre of the circle 
is like wife in [cor. 5. 4. Elem. J the ftraight 
line LM: it is therefore in the point P, 
where OP, LM interfed each other : there- 
fore the centre P is given, and the paint E 
is given : hence the circle defcribed from 
tlie centre P, with the diftance PE, is gi- 
ven in [6. def. dat.] pofition ; fo likewifc 
are the points L, M, where its circumfer- 
ence meets AB, a ftraight line given in 
pofition : therefore the axes EL, EM arc 
given in pofition : draw AQ^at right angles 
to 5, the axis FG; and becaufe AL touclies 
the ellipfe, EQ^, EF, EL are [17. 2.] pro- 
poftionals; and EQ^, EL are given: 
therefore EF is given in magnitude. It 
may in like manner be proved, that EK is- 

given 
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given in magnitude; therefore the axes 
FG, HK are given in pofition and m^gnir 
tude : and an ellipfe defcribed through the 
point A, with the axis FG [25. 2,], will 
be an ellipfe, in which AB^ CD are two 
conjugate diameters. 

The compofition is as follows. Produce 
EA to N, fp that the redlangle EA>J may 
be equal to the fquare of CE : bifedl EN 
in O, and draw OP at right angles to it j 
in the ppint P let OP meet the ftraight line 
AL, which is parallel to CE ; and from the 
centre P, ' diftance PE, defcribe a circle, 
and let AP meet its circumference in the 
points L, M : join EL, EM, and draw AQ^ 
at right angles to EL ; and between EQ* 
EL find [13. 6. Elem.] a mean proportio- 
nal EF, and make EG equal to EF : then, 
by the 25 th proposition of this book, de- 
fcribe an ellipfe, of which FG may be one . 
of the axes, and which may pafs through 
the point A : of this ellipfe AB, CD are 
conjugate diameters. For fince AQ^is 
perpendicular to the axis FG, and EQ^, 
EF, EL proportionals, AL couches the el- 
Upfc [18. 2.] in the point A; and becaufe 
CD is parallel to the tangent AL, it is in 
the fame pofition with the diameter con- 

R 2 jugated 



132 CONIC SECTIONS. 

jugated to AB ; and the angle LEM being 
in a femicircle is a right angle; confe- 
quently EM is the other axis, and fo is con- 
jugated to FG : hence the redlangle LAM 
is equal to the fquare of the femidiameter 
conjugated to AE [21.2.]: but the fame 
redangle LAM is equal [35. 3. Elena.] to 
the reftangle EAN, that is, by the con- 
ftrudlion, to the fquare of CE ; therefore 
CE is the femidiameter conjugated to AE; 
the ellipfe therefore paffes through C ; and 
becaufe ED is equal to EC, and EB equal 
to EA, it paffes likewife through the points 
P,B. Hence AB, CD are conjugate diame** 
ters in the ellipfe defcribed. 



PROP.' XXVIII. Prob, 

The poiition and magnitude of a 
diameter of an ellipfe being ^. 
ven, and the politjon being gi- 
ven pf a ftraight line which^^ 
from a given point in the el- 
lipfe, is ordinately applied to 
that diameter; to defcribe the 
tpUipfe. 

I^et 
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~ Let BA be the given Miameter, to which Fig. u. 
RS, a ftraight line given in poiition, isor- 
dinately applied, from a given point R of 
the ellipfe, 

Bife<a; AB in the point E, and draw 
through E a ftraight line parallel to RS, 
and in that parallel take equal ftraight 
lines EC, ED, fo that the redangle ASB 
may be to. the fquare of RS as the fquarc 
of AE to the fquare of EC or ED; then, 
by the preceding propofition, defqribe an 
ellipfe of which AB, CD may be conju-. 
gate diameters: this ellipfe will pais 
through the [2. cor. 15. 2.] point R, and 
RS will be ordinately applied [4. cor. 14. 2.] 
to the diameter AB, 

PROP. XXIX. Theor. 

If a cone cut by a plane paffing 
through the axis, be cut alfo by 
another plane, meeting both the 
fides, by which the angle at the 
vertex is contained, of the tri- 
angle through the axis, but 
neither parallel to the bafe of 

the 
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the cone, nor fubcontraiily fi- 
tuated ; if that other pLane^ and 
the plane in which the bafe of 
the cone is fituated, meet in the 
dire^ion of a ftraight line per- 
pendicular either to the bafe of 
the triangle through the axis, 
or to the ftraight line which ii 
in the fame ftraight line widi 
that bafe; the line which is 
the common fe£tion of that o- 
ther plane, and the conical fur« 
face, is an ellipfe, which has for 
one of its diameters the com- 
mon fedion of the triangle 
through the axis, and of that 
fame other plane. 

Kg, 22. Let there be a cone, the vertex of which 
is the point; A, and the baft the circle BC ; 
let it be cut by a plane through the axis, 
and let the fedion be the triangle ABC; 
let it be cut likewiie by another plane, 
meeting both the fides, by which the 
angle at A is contained, of the triangle 

through 
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through the axis, but neither parallel to 
the bafc of the cone, nor fubcontrarily fi- 
tuated; let the HneDfiF be the common 
fcdion of this other plane with the coni- 
cal furface; and let the cdmmon fedtion of 
this plane, with the plane in which is 
thebafe of the cone, be GH perpendicu- 
lar to 6C : the line DEF is an ellipfe j and 
DF, the common fedion of the triangle 
through the axis, and this other plane, is 

one of its diameters. 

In the fedtion DEF take any point E, 
and through E to DF draw EK parallel to 
HG ; neit, through K draw LM parallel 
to BC : the plane, therefore, which pafles 
through EK; LM is parallel to that through 
BC, GH, that is, to the bafe of [15. 11. 
Elem.] the cone : confequently the plane 
through EK, LM [23. i.] i^ a circle, of 
which LM is a diameter : but EK is per- 
pendicular [10. II. Elem.] to LM, becai^fe 
GH is perpendicular to BG \ the redlangle 
LKM is, therefore, equal \j>^^. 3. Elem.] 
to the fquare of EK. In like manner, a- 
ny other point N being taken in the fec- 
tion DEF, if NO be drawn parallel to EK, 
or GH, and through O, PQ^ be drawn 
parallel to BC, it may be Ihewn, that the 

redangle 
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redangle POQ^ is equal to the fquare of 
NO: the fquare of EK is, therefore, to 
that of NO, as the redangle LKM to the 
redangle POQ^: but LK is to PO as DK 
is to DO; and KM is to OQ^as KF is to 
OF; therefore the ratios compounded of 
thefe ratios are the fame to one another; 
and therefore the redlangle LKM is to the 
redlangle POQ^ as the reclangle DKF ii 
to the redlangle DOF [23. 6, Elem.] : and 
therefore the fquare of EK is to that of 
NO as the redlangle DKF to the re<Slanglc 
DOF. Defcribe, therefore, an ellipfe [28. 
a.] of which DF may be a diameter, and 
in wHlch EK may be ordinately applied to 
DF : and becaufe the point E, by conftruc- 
tion, is in this ellipfe, the point N is lik^ 
wife in it [3. con 15, 2.]. And the fame 
thing may be demonftrated with regard to 
all the points of the fedion DEF. 
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Of the Hyperbola* 



DEFINITIONS* 

L TN a point £ taken in a plane^ tlie et^ fig. i: 
JL tremity £ of a ruler £H is fo fixed 

that the ruler is left free to revolve about 
the point as a centre : one end of a ftring 
Shorter than the ruler is fixed in the extre*- 
xmty H of the ruler, and the other end 
of it in the point F, which is in the fame 
plane with the. point £ ; but the diftance 
betrween the points £, F mufl be greater 
than the excefs of the length of the ruler 
above that, of the ftring : by means of a 

S pin 



138 CONIC SECTIONS. 

pin G, as much of the firing as pofEblc is 
ap|>lied to tbp fide EH of the niler ; tfeen 
with the firing fo applied, and ke]()t uni- 
formly tenfe, the ruler is moved about the 
centre E ; and thus by 'the point of the 
pin moving onvsrards with the ruler, a line 
is defcribed, whUh' 4s aanietl the byfer^ 
bold. 

But if the above order be reverfed, and 
the end E of the ruler be fixed in the point 
F, and the etid F 6f tlcit fl^hg iix the point 
E, and then a fimilar operation be repeated, 
anothfer linfe, bjpp6fil:e-'td the fiji^er, vAUi be 
defcribed, which in like manner is named 
the hyperbola j and both together are na- 
xa€Aoppqfti€ hyperholds:- Th^fe'liaes may 
be extended beyond any given diftancc 
frbiii the points E, F, if a firing bte takers, 
the length of which exceeds that diftance. 

II. The points EyE are natncd thejf^a/ 

III. And the point C, which bifedts thi 
Uraight line betXveen the foci, is named 
^he centre of the 'hyperMa^ or dF the oppofitl 
^perbolas. 

• IV. Any ftralght linie paffing ttrou^ 
'the centre, and meeting tHc hyperbblas 
JS named a tranfverfe diameter \ and thi 
■points where a tranfverfe diameter ine«! 
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tfaa hyperbo^bis, are mined Its^ vmiodt, 
Alfixaftcaight Uoe which paCos through 
tibie, Q^fiXx^t ?ft4 W?^5 any ftraight lias 
terminated by the oppofite bypertjc^atSj 

but not (irawn thraugh the centre,, is na- 

jned a r3^6* di(m€ttr. 

: V. The diameter which paflh througfii 

the foci is named t}ie trmfverfe axis. 

VI. If from either C3ctrcmity A of tl;? 
tiranfverfe axis, a ftraight line AD ,be pla- 
ced equal to the diftai^ce between the centre 
C and either focus F, and from A as a 
centre, ysrith the diftaiice AD, a circle \^ 
^efcribed, meeting in the points B,^ a 
^raight line drawn through the centre C 
at right angles to the tranfverfe axis ; the 
ftraight line Bb is named xkatfuoTtd axis. 

VII. Two diameters, each of which bi- 
fedts all ftraight lines parallel to the other^ 
and terminated both ways by the hyper- 
bola, or oppofite hyperbolas, arc named 
co^ugate diameters. 

Vin. When a ftraight line not drawn 
through the centrd, yet terminated both 
ways by the hyperbola, or oppofite hyper- 
bolas, is bifeded by a diameter, it is faid 
to be ordinately applied to that diameter, or 
it is namedj fimply, 2in ordinate to the dia- 

S a meter* 
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meter. Alfb a diameter parallel to t 
firaight line ordinately applied to another 
diameter, is faid to be ordinately applUd to 
this other diameter. 

IX. A firaight line which meets the hy^ 
perbola . in only one point, and \iFhicIi, 
being produced both ways, falls without 
the oppoiite hyperbolas, is faid to twcb tho 
byperbpla in diatt point. 

PROP, I, Theor. 

If from a point in an hyperbola 
two ftraight lines be draw^n to 
the foci, the eicefs of the one 
above the other is equal to th^ 

^y^* , Jupi G be at point in an hyperbola, thQ 
^cefs of GE nbov? GF i$ e^ual to thu 
^anfverfe axis Aa. 

Let EGfjH f eprpfent the ruler, an4 FGH 
the ftring, the pin by which the hyperbo-? 
Ja is defgribed being fupppred to reqiain a^ 
O J froqfi EH, FGH ta|^e siway the com^ 
pion part GH ; and thie excefs of GE abovq 

OF wiU bQ ?^u^l %o the excefs of th^ 
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ledgth of the jmler above that of the, firing ; 
and this .conclufion will hold "where-ever 
the point G fhall be fituated in the hyper- 
bola. And fince the points A, a^ the ver- 
tices . of the tranfverfe axis, are iix the op- 
pofite hyperbolas, the cxcefs of AE above 
AF, and the excefs of ^F above dE^ are 
(each of them equal to the excefs of the 
length of the ruler above that of the firing, 
that is, to the excefs of EG above GF ; 
and thcrefioare thefe two exceflfes are equal 
to each other : but let AF be added to 
each of the two ilraight lines AE, AF; and 
the excefs of AE above AF will be equal to 
the excefs of FE above twice AF, In like 
manner, the excefs of ^F above ^E will be 
equal to the excefs of. the lame FE above 
twice aE ; FE, therefore, exceeds twice AF 
by the fame excefs by which it exceeds 
twice ^E : twice AF is, therefore, equal tg 
twice aE } and thef efore AF is equal to /zE : 
therefore the excefs of AE* above AF is e*- 
.qual to the excefs of AE above aE, that is, 
to the tranfverfe a:^is ^A; and therefore 
tJie excefs of EG above QF is equal to thp 

> 

(aine tranfverfe axis aA. 

Coji, i^4 fince Af is equal to «£ an4 
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CF to CE, CA ia e<}usil ta.Ca, that ia» thr 
traofverfe axis is bife<£tc4 ia thcccatst. . 



PROP. 11. Theor. 

Let there be , point from whWi 
twoftraight linea are drafts 
the foci of oppofite hyperbc^aj ; 
if the excefs of the one ftr<ught 
line above the other be equal 
to the tranfverfe axis, that point 
is in one of the oppofite hyper- 
bolas. 

pg. %. Let G be a point, whence GE, GF art 

drawn to the foci; if the excefs of the cm 
itraight line above the other be equal te 
the tranfverfe axis aAj the point G is )fi 
one of the oppofite hyperbolas. 

Of the two flraight lines let OF be the 
iefs ; and from the centre F, diClance FG, 
dcfcribe a circle j let this circle meet FE. xA 
H; takeGK equal to GF, and KJE, by 
hypothefis, will be equal to the traaArerfi 
axis Aa : and becauie FG, GE are t€>gel^M 
greater than IE; FG, GK are tojgedbei 
greater than FA and aE together j there- 
fort 



f' 



fore (FG, or) FH, the Hjilf of fG, CK> is 
grea'ter than F A| the half of F A^ ^E ; and 
therefore the hyperbola, towards the point 
A, falls within the circle : and fince it may 
be extended bisyoild aiiy given diftance 
it^icL thfc focus F, It muft cut the cii-cle 
%mt'if)^tttx Niow It cuts the df cie in the 
point G^ For^ if^bo^ let it ctitit-aa another 
point D, on the fame fide of jche axis on 
which is the point G. ; and ^'oifi D£, DF : 
the point D then is in the hj^ perbola ; and 
dierefore the excefs of DE aboVfe UF \i c- 
qual to the tranfverfe.aib Ai : but byiy- 
pothefis, the excefs of GE above GF is e- 
<jual to the fame hn\ and FG is eqtral to 
IfO: thwefore EG i^ alfo equal to ED; 
Wlncii is contrkry to prop. 7. b. i/of En- 
clid; therefore the .point D is ifi the hy- 
perbola, . * 

ipROP. Iff. Theoe. 
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If Jtwo Araigh* lifte* be 4T«vm 
from a point tntliout ah iiyper- 
pola to the foci, the excefs of 
the one ahove the other is Id 

'than, the tnmfverfe aads^; Imt if 

t ■ two 



144 CONIC SECTIONS. 

two ftraight lines be drawn 
from a point within an hyperbo- 
la to the foci, the excefs of J3ie 
one above the other is greater 
than the tranfverfe axis. On 
the:cotitrary, any point is with- 
out or within an hyperbola, ac- 
cording as the excefs of two 
ftraight lines drawn from that 
point is lefs. or greater than the 
- tranfverfe axis. 

Fig. 2. From the point L without an hyperbola^ 
let the two ftraight lines LE, LF be dravs 
to the foci ; the excels of the one above 
the other is lefs than the tranfverfe axis 
Aa: For fince L is without and F within 
the hyperbola, the ftraight line Lf" muft 
meet the hyperbola. . Let LF meet it in p, 
and join £G, and £L will be lefs than £G 
added to GL ; the exxrefs of £L above LT 
is, therefore, lels than the excefs of EG 
and GL together above the fame LF, that 
is, than the excefs of EG above GF, thstf 
is, than the tranfverfe axis Aa. 
Next, from the point M within thti ,hy* 

^ perbolit 
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perbola, draw ME, MF to the foci ; ME 
will neceffarily meet the hypei'bola, be-* 
caufe the point M is within and the point 
E without it: let it meet it in N, and join 
NF; then, becanfe MF is lefsthartMN 
added to NF, the excefs of ME above MF 
is greater than the excefs of the fame ME 
above MN added to NF, that is, than the 
excefs of NE above NF, that is, than the 
tranfverfe axis Aa. 

The laft part of the propofition is ob- 
vious. 

Cor. Hence, if through the vertex A of* 
the tranfverfe axis, a ftraight line be drawn 
at right angles to the tranfverfe axis> this 
ftraight line is wholly without the hyper* 
bola^ and confequqpitly touches it. 

For in the ftraight line take any point 
Q^, and join QF, QE ; and in the axis 
place AR equal to AF, and join QR ; then^ 
becaufe AR is equal to AF, that is, to a£, 
RE is equal to the tranfverfe axis Aa j alfo 
QF is equal to QR : but QE is lefs than 
QR added to RE j and therefoi*6 the excefe 
of QE above QR or QF, is lefs than RE, 
that is, than the tranfverfe axis: Hence 
the point Q^, and cdnfequently the ftraight 
line AQ^, is without the hyper bola* 

T PROP. 
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PROP. IV. Theor. ' 

The fquare of half the fecond ax« 
is equal to the reftangle con- 
tained by the ftraight lines be- 
tween either focus and the ver- 
tices of the tranfverfe axis. 

^'g' '• Let Aa be th^ tranfverfe axis, C the 
centre, E, F the foci, and B^ the fecond 
axis, which, from the definition of it, is 
bifeded in the centre ; join AB ; and be- 
caufe AB, CF are [6. def 3.] equal, xk 
fquares of AC, CB are together equal to 
the fquare of CF, that is, to [6. 2. Elern.] 
the fquare of AC addcid to the redlangk 
AF^: take away the common fquare of AQ 
and there will remain the fquare of CB e- 
qual to the re(5langle AFa. 

PROP. V. Theor. 

If from a point in an hyperbola ; 
ftraight line be drawn at right 
angles to the tranfverfe axis, an( 
from that point a ftraight lin« 



y 



A 



r 
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be drawn to the nearer (to that 
point) of the foci ; half the 
tranfverfe axis is to the diftance 
between that focus and the 
centre as the diftance between 
the perpendicular and the centre 
is to the fum of half the tranf- 
verfe axis, and of the ftraight 
line drawn from the point to 
that fame focus* 



Let G be the point in the hyperbola ; Fig. 3, 4^ 
from G draw GD perpendicular to the 
tranfverfe axis Aa\ and from the f^me 
point draw a ftraight line GF to the near- 
er (to G) of the foci ; CA, half the tranf- 
verfe axis, is to CF, the diftance between 
the centre and the focus F^ as CD, the di- 
ftance between the centre and the perpen- 
dicular, is to the fum of half the tranfverfe 
axis and of GF* 

Draw GF to the other focus, and in the 
axis ah, produced place AH equal to GF, 
and from the centre G, diftance GF, de- 
fcribe a circle, meeting the axis ah. again 
iu K, and the ftraight line EG in the points 

T a L^ 
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X,, M : and becaufe £F is die double of 
CF, and FK the double of FD, £K is the 
double of CD. Again, becaufe £L or Ad 
is the double of CA, and LM the double 
of GF or AH, EM is the double of CH: 
but, won account of the circle, EL or ha is 
to EF as EK- to EM [cor. 36. 3. and 16. 6, 
Elem.] ; take the halves of the(e propor- 
tionals, and CA ViU be tQ CF a$ CD to 
CH, 

PROP. VI. Theor. 

The fame conftru£lion remaining^ 
if from the never (to the point 
in the hyperbola) of the vertices 
of the tranfverfe axis, and in 
this fame axis produced, a 

. ftraight line be placed equal to 
the diftance between that point 
and the nearer (to that nearer 
vertex) of the foci ; the fquare of 
the perpendicular is equal to the 
excefs of the rectangle contain- 

' ed by the fegments between the 

* €Xtrei»ity 
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extremity (which is not the ver- 
tex of the tranfverfe axis) of 
that flraight line and the foci, 
above the redangle contained 
by the fegments between the 
perpendicular and the vertices 
of the tranfverfe axis. • 

/ 

Let A be the nearer (to the point G) of ^'g* 3- 4* 
the vertices of the tranfverfe axis ; from A 
place in Aa produced AH eqnal to GF ; 
the fquare of the perpendicular GD is e- 
qual to the excefs of the redlangle EHF, 
contained by the fegments between the 
extremity H of the placed line AH and the 
foci, above the redlangle AD^, contained 
by the fegments between the perpendicu- 
lar GD and the vertices A, a of the tranJp* 
verfe axis. 

For fince the flraight line CH is cut in- 
to any two parts in the point A, the fquares 
of CA, CH are together equal to twice the 
redlangle ACH, together with the fquare 
of AH [7. a. Elem.], that is (CA, CF, CD,^ 
CH being proportionals) to twice the red- 
angle FCD, together with the fquare. of 
4^ OF GF, that is, to twice the redangle 
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FCD, together with the fquarcs of FD, 
DG, that is, to the fum of the fqiiares of 
FC, CD and DG [7. 2, Ekm.] : therefore 
the fum of the fquares of CA, CH is equal 
to the fum of the fquares of FC, CD, DG : 
but the fum of the fquares of CA^ CH is 
equal [6.^2. Elem,] to the rcdlangle EHF, 
together with the fum of the fquares of 
CA, CF ; and the fum of the fquares of FC, 
CD, DG IS equal [6. 2. Elera.] to the red- 
angle AD^, together with the fum of the 
fquares of CA, DG, and FC : hence the 
redangle EHF, together with the funa of 
the fquares of CA, CF, is equal to the 
rectangle ADa added, to the fum of the 
fquares of CA, DG, FC : from thefe equals 
take away the common fquares of CA, CF, 
and there will remain the redtangle EHF, 
equal to the rectangle AD/sf, together with 
the fquare of DG, 

prop: Vir. Theor. 

If from a point in an hyperbola a. 
ftraight line be drawn parallel to 
the fecond axis, and meeting 
the tranfverfe axis j the fquare 

of 
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of the tranfverfe axis is to the 
fqiiare of the fecond axis, as the 
redtangle contained by the feg- 
ments (of the tranfverfe) interr. 
^ cepted between its vertices &nd 
the parallel is to the fquare of 
the parallel. 

Let G be the point in the hyperbola ; p. ^ . 
from^ G draw GD parallel to the fecond 
axis hbj and meeting the tranfverfe in D ; 
the fquare of Aa is to that of B3 as the 

m 

rectangle AD^, contained by the fegments 
between the vertices of the tranfverfe and 
the point D, is to the fquare of GD. 

Having drawn two Unequal ftraight 
lines GE, GF to the foci, place, from the 
nearer (to the focus F) of the vertices of the 
tranfverfe axis^ AH equal to GF the leffer 
of them : then, becaufe CH, CD, CF, CA are 
proportionals, their fquares are alfo pro- 
portionals ; that is, as the whole, to wit, 
the fquare of CH, is to the whole the fquare 
of CD, fo is the fquare of CF to the fquare 
of CA : therefore the remaining redlangle 
EHF is to the remaining redlangle AD^ as 
the fquare of CF to that of CA [cor. 19. 5. 

Elem.] : 
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Elem.] : arid, "by divifion, the excels of the 
redangle EHF above the redangle AD^, 
is to ADa as the [6. 2. Elem.] redlangic 
AF^ to the fquare of CA ; that is, by the 
preceding propofition, and fourth of this 
book, the fquare of GD is to the rciSlanglc 
ADa as the fquare of CB is to that of CA; 
and, inverfely, the fquare of CA is to that 
of CB as the redlangle ADa is to the fquare 
of GD. 

CoR. The fquares of ftraight lines drawn 
parallel to the fecond axis from points in 
an hyperbola, or in oppofite hyperbolas, 
are to one another, as the re<Slangles con- 
tained by the fegments intercepted between. 
thole ftraight lines and the vertices of the 
tranfverfe axis, [fee i cor. 6. 2.] 

PROP. VIIL Theor. 

If from a point in an hyperbola a 
ftraight line be drawn parallel to 
the tranfverfe axis, and meeting 
the fecond axis ; the fquare of 
the fecond axis is to that of the 

tranfverfe 
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tninfverfe, as the fum of the 
fquares of half the fecond axis, 
and of its fegment between the 
parallel and the centre, is to the 
fquare of the parallel. 

From a point G of an hyperbola draw Fig, 4« 
GN parallel to the tranfverfe axis A^, and 
meeting the fecond axis Bb in N ; the in- 
ference is as already expreffed in the pro- , 
pofition. 

For, by the preceding, the fquare of CA 
is to the fquare of GB as the rectangle 
ADa is to the fquare of GD : therefore^ in- 
verfely, and by propofition i2, B, 5. E- 
lem. the fquare of CB is to the fquare of 

CA, as the fum of the fquares of CB, GD is 
to the fquare of CA, together with the 
yedlangle ADa, that is, as the fum of the 
fquares of CB, CN is to the fquare o^ CD 
orGN. 

GoR. Henee, if from two points ]o{ an 
hyperbola, or of oppofite hyperbolas, 
there be drawn to the fecond axis two 
ftraight lines parallel to the tranfverfe axis, 
the fquare of the one ftraight line is to the 

U fquare: 
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fquare of the other, as the fum of the 
fquares of half the fecond axis, and of the 
diftance between the one llraight line and 
the centre, is to the fum of the fqnarcs of 
half the fecond axis, and oi the diftance 
between the. other ftraight line and the 
centre. 

PROP. IX. Theor. 

A ftraight line terminated both 
ways by an hyperbola, or oppo* 
fite hyperbolas, and parallel to 
either aiis, is bife^ed by the o* 
ther axis, or, what is the fame 
thing, the axes are conjugate 
diameters. 

Fig. 5« Krft, let the ftraight line BE be panlW 
to the fecond axis B^, and meet the tranf- 
verfe in F ; and thus the fquare of DF is to 
the fquare of EF as the redlangle AFa is to 
the [cor. 7. 3.] redlangle AFa; Hence Df) 

ft 

FE are equal. 

Next, let DG be parallel to th^tnuxf 
verfe axis A^, and i?ii?et the feccwid zA 

BHu K J aad thus the f^arc of J>K is « 
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the fquai-e of KG, as the fum of the fquareS 
pf CB, CK is to the ium of the fame fquares 
{cor. preccdj of GB, GK : hence DK, GK 
are equah 



PROP. X. Theor. 

A itraight line terminated both 
ways by an hyperbola, or pppo- 
fite hyperbolas, and bife<5bed by 
either axis, is parallel to the o- 
ther axis. 

:Pirft, let DE be bife(^ed by the tranf*- Pig. 5; 
Verfe axis iii F, and let DK, EL be drawn 
parallel to the fame axis, and meetiag the 
fecond axis in the points K, L j then, be- 
caufe DF, FE are equal, KG, CL are alfb 
equal : but the fquare of DK is to that of 
EL as the fquare of CB, together with the 
iqfiarc of CK, is to the fquare of CB, add- 
cd to the fquare of CL; DK, EL are, 
tho'efore, equal, and .they are parallel : 
berice DE, KL are alfo parallel. [31. i. E-^ 

Next, let DG be bifeded^by the fecond 
axis in the point K, and let DF, GM be 

U 2 drawn 
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drawn parallel to the fame fecond axis, and 
pieeting the tranfverfe axis in F, M ; then, 
becaufe DK, GK arc equal, FC, CM are e- 
qual ; and, of confequence, FA, ^M are e- 
qual : but the fquare of DF is to the fquare 

♦ 

ot GM as the redlangle AFa to the red- 
angle AM j ; and the redtengles AF^, AMa 
are equal ; therefore ihe ftraight lines DF, 
GM are equal, and they are parallel; 
thei'ef ore DG, FM arc parallel [31. 1 . E- 
1cm.]. 

CoR. It IS manifeff from the dertioiiftra- 
tion, that the ftraight lines DF, GM, 
which are parallel to either axis Bb^ and 
cutoff, between the centre and the points 
"where they meet the other axis, equal feg- 
ments FC, MC, are equal. In the fame 
manner, DK, EL are equal^ which are pa- 
rallel to the axis Aa, and cut off* the equal 
fegments CK, CL. 

If, on the other hand^ DF, GM are e* 
qual to each other, and parallel to B^, thsf 
cut off* equal fegments FC, MC, In lib 
manner, if DK, EL be equal to each othe^ 
and parallel to Aa^ they cut off equal feg- 
ments CK, CL« 

PROF 
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P R O ?• XL Theor* n 

Any ftraight line perpendicular to 
the tranfverfe axis, and meeting 
it below the vertex, meets the 
hyperbola in two points. 

Perpendicular to the tranfverfe axis Aa^ F\g.6.f 
and meeting it in C, below the vertex A^ 
DC meets the hyperbola in two points: 
Let E, F be the foci ; and from C, place 
CG equal to CF, the diftahce between G 
and the nearer (to C) of the foci ; and from 
the other focus EK, equal to the tranfverfe 
axis Aa. If, therefore, the point C be be- Fig. 6^ 
low the focus F, it is evident, that EK is 
lefe than EG : but in the cafe where the 
point C is above F, fince A^, EK are equal, Fig. yt 

AK is equal to oE^ that is, to AF : and, by 
hypothefis, FC is lefs than FA ; twice FC 
isj thereforej lefs than twice FA, that is, . 
FG is lefs than FK; and thus EK is lefs 
than EG: make then EK to EF as EG is Fjg.d.7; 
to a fourth proportional EH ; and fince 
EK is lefs than each of the two EF, EG, 
and, of confequence, much lefs than EH; 
JEK, EH are [25. 5. Elem.] together greater 

than 
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than EF, EG together. From thele une-* 
quals take arway twice EK, and KH will 
be. greater than KF and KG together^ thac 
is, than twice RC; for CF is equal to CG: 

« 

hence, if KH is bifedled in.L, KX will be 
greater than KC ; and therefore the point 
L falls below the ftraight line CD ; and a 
circle defcribed from the centre E, with 
the diftan<;e EL, will necefiarily meet CD 
in two points D, d^ Deicribe, from tht 
centre D, diftance DF, another circle, 
which will pafs through the point G ; join 
pEj, and let this circle meet it in thf 
points M, N ; and fince EK is to EF as EG 
to EH, the redlangle HEK is equal to the 
redlangk FEG, that is, to the re<Sian|^ 
MEN [36. 3, Elem,]; and ED, EL are c- 
qtual : and thus their fquares are eqxial ; 
from which take away the equal redtangles 
MEN, HEK, and the remaining iijuare of 
PM or DF is equal to the remaining fquait 
of KL [6. 2, Elem.] : hence DM aoid KL 
are equal ; which being taken from the e- 
quals ED, EL, the remainder EM is equal 
to the remainder EK, or the. tranfVerft 
axis Aa ; and EM is the exccfs of DE a* 
bove DF. : therefore the point D is ir^ the 

hyporbc^ 



» 



• ., .< 
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it)da. In like maniier it may bt de^ 
ftrated, that the poiat i/ is in the Jiy* 
• ola. 

\ 

DEFINITION X. 

f through, one of the vertices of the Kg. t< 

afverfc axis a ftraight line be drawn e- 

al and parallel to the fecond axis, and 

edled by the tranfverfe axis ; the ftraight 

les drawn through the centre and the 

tremities of the parallel are named the 

ymptQtes. 

Cor. I. The afymptotes of two oppofite 
yperbolas are common to both. 

For let CD, CE be the afymptotes of the 
lyperbola AF, and draw through the ver- 
;ex A of the'tranfverfe axis the ftraight line 
PAE parallel to the fecond axis B^, and 
through the other vertex a the ftraight line 
^ae parallel to DE ; then becaufe CD, CE 
^re afymptotes, DA, AE are each of them 
equal and parallel to CB, the half of the 
^cond axis : and becaufe DE, de are paral- 
lel, and CA, Qa equal, ad^ ac are equal 
an4 parallel to AD, AEj confec^uently they 

arc 
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are equal and parallel to half the fecond 
axis : therefore G/, Ce are afymptotes d 
the oppofite hyperbola a. 

Cor, 2. The afymptotes are parallel to 
ftraight lin^ joining the extremities of the 
axes; for if AB, bA be joined, CE, CD art 
-parallel to them [2;^. u Elem,] 

PROP. XII. Theor. 

The afymptotes do not meet the 
hyperbola. 

Fig. 8, Let there be an hyperbola, the trajufvcrfc 
axis of which is Aa, and the centre C, and 
through A draw a ftraight line perpendi- 
cular to CA; and in this perpendicular! 
take AD, AE, equal, each of them^ to hall 
the fecond axis ; join CD, CE ; which ait 
therefore the afymptotes ; and, if pofliblc, 
let CD meet the hyperbola in F, ad 
through F draw a ftraight line parallel tc 
DA, and meeting the axis A^ in G ; an( 
fince the rqdangle AGa is. to the fquare 
GF, as the fquare qf CA is. [7. 3.] to tha 
of CB or AD, that, is,, as the fqug.re of d 
is to that of GF", the rcdtangie AGa is c 
qual to the fquare of CG ; which is al 

a furd 
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furd: the afymptQte, therefore, meets not 

4 

the hyperbola in F; nor, as it may be 
flxewn [6. 2. Elcnii], does it meet the hy- 
perbola in any other point. 

PROP. XIII. fHfioR. 

If through a point o^ an hyperbo- 
la a ftraight line be drawn paral- 
lel to the fe{;6nd axis, and meet- 
ing the afymptotes; the rect- 
angle contained by its fegnientsi 

. intercepted between the afymp- 
totes and that point, is equal to 
thp fquare of half the fecond 
axis* 

Let F be a point in thtf hyperbola j Kg. *^ 
through F draw KFL parallel to the fecond 
aSi$, and meeting; the afymptotes in the 
'points K^L; the rectangle, &c» 

Through the vertex A of the tranfverie 
aiis draw DAE, meeting the afymptotds 
in the points D, E ; and let KL meet the 
fame axis in G; therefore AD^ AE arc 
each of them equal and parallel to half the 
fecond axis. To the fepond axis draw the 

X ftraight 
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ftraight line FM parallel to CA; and, by 
the 8th propofition of * this book, thefquare 
of CB or AD will be to the fquare of CA 
as the fum of the fquares of CB, CM is 
to the fquare of FM or GCj and the 
fquare of AD is to the fquare of AC as the 
fquare of KG to the fquare of GC j there- 
fore the fum of the fquares of CB, CM h 
to the fquare of GC as the fquare of KG b 
to the fame fquare of GC: the finn of the 
fquares of CB, CM is, therefore, equal to 
[9. 5. Elem.] the fquare of KG : frona theft 
equals take the equal fquares of CM, FG, 
and the remaining fquare of CB is [5. a. 
Elem.] equal to the remaining redtanglc 
KFIi. In like manner, if KX meets die 
hyperbola again in H, it may be fihewn, 
that the redlangle KHL is equal to the 
fquare of CB. . . 

: CoR. Hence if in a ftraight line KL ter- 
minated by the afymptotes, and paralld 
to the fecond axis, there be taken a point 
F, fo fituated, that the redlangle KFL 
jaiay be equal to the fquare of the iecon^ 
Mis; that point k in the hyperbola^ 



PR OP. 
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FRO P. XIV. Theor.. 

If a ftraight line meeting an hyper- 
bola in two points, meets alfo 

• the j^ymptotes; the redangle 
contained by the fegments be- 
tween the afymptotes and the 
one point is equal to that con- 
tained by the fegments between 

I 

the fame afymptotes and the o- 
ther point : Alfo if a ftraight 
line meeting two oppofite hy- 
perbolas in two points, meets 
likewife the afymptotes ; the 
redang^e contained by the feg- 
ments bet: ween the afymptotes 
and the one point, is equal to 
that contained by the fegments 
between the fame afymptotes 
. and the other point: And in 
both cafes the ftraight lines be- 
tween the afymptotes and the 
points are equal. 

f ' X a Let ' 
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S» Let AB be a ftraight line meeting the 
hyperbola^ or oppoiite hyperbolas, in the 
points A, B, and the ^fypiptotes in C, IV; 
the redlang^les CAP, CBD are equal ; and 
GA, BD are equal. 

Through the points A, B draw ftraight 
lines parallel to the iecond axis, and mfi^t-^ 
ing the afymptotes in E, f aftd in G^ H ; 
and fince, by the preceding propofi^on, 
the reClan^les EAF, GBH are each of them 
equal to the fquare of half the fecond axis^ 
they are equal to each other ; therefore, as 
EA to GB fo is BH to AF : but jhe tri^ 
angles being equiangular, as EA to G3 fo 
\s CA to CB ; and as BH to AF fo is BD to 

» AD : therefore as CA tq CB fp is BD to 
AD : the redlangle, therefbre, CAD is e- 
qual to the redlangle CBD : Take away * 
or add f the common redangle AC, BD^ 
^^d the r^ftaogle CAB is equal to tiie rcd-^ 
^ngle ABD ; and therefore the ftraight 
lines AC, BD are e(^ual [1.6. Elem.]. 

CoR. If from two points A, L in an hj^ 

* In %hc cafe where the points are m the fame hyper- 
bola. 

' t In th« caft where tho points arc la oppofitc hyper* 
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perbola, to cither afymptote KC fhiaight 
lines AM, LN be drawii parallel to the o- 
ther afymptote ; there being drawn to any 
point B in the hyperbola ftraight lines AB^ 
LB, which meet the afymptote KC in C, O ; 
CO, MN are equal : for let AB, LB meet 

the afymptote KP in the points D, P, and 
to the other afymptote KC draw BQ^pa^ 
Killel to the afymptote KP : fine? AC, BD 
are equal, as alfo OL, BP ; CM, QK arc c^ , 
qual, as alfo ON, QK ; CM, therefore, is 
equal to ON ; and MQ being common^ 
CO, MN are equal, 

PROP, XV. Theor. 

If through two points in an hy** 
perbola, or in oppoiite hyperbo- 
las, two parallel ftraight Unes be 
drawn which meet the afymp. 
totes; the re<^angles containec} 

1)ytheirfegments between the 
points an4 the afymptotes ar? 
equaL 

V 

/ 

Let A, B b^ two points in an hyp^bpla. Fig. icu' 
0T in Qppofite hyperbolas ; through thefe *^ '* 

points 
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points dfaW CD, EF parallel to each oth^, 
and meeting Ae af^ptot^ s OQOD in tht: 
points C, D and E, Fj thcrcaanglej GAD, 
JEBFf arc equal. 

Through the points A, B» to the afymp- 
totes dmw' the ftraight lines GAH, KBJu 
parallel to t^ fecond axis ; and becaufb 
the reftangles GAH, KBL are each of them 
equal [13. 3.] tx> the fquare of hajf the fer 
<ond axis, they are equal to each oth^r ; 
- therefore G A is to KB a^ BL to AH : bitf 
the trianglies GAG, KBE being equiangur 
lar, GA is to KB as CA to EB; and thp 
triangles LBF, HAD being equiangular, 

BL is to AH as BF to AD ; . henpe CA is to 
EB as BF to AD ; . and hence the redtangl^s 
CAD, EBF are equal 

Fig. 10. CoR. I. And i£ through -the cpntre a 
ftraight ^n9 AOM be drawn meeting l?oth 
the hyperbolas, and parallel to the ftraight 
line BEF, the fquare of either fegment AG. 
intercepted between the centre and either 
hyperbola, is equal to the redangle EBF, 
The demonftration is the fame as in the 
propofition. 
Cor. 2, Hence any ftraight line drawn 

' through 



K2. 



JPBOP. 
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through the centre, and terminated by op- 
pofite hyperbolas, is biredlecl in the centre. 

Cqr. 3. If CD, EF meet an hyperbo^ Fig. i« 
or its oppofite hyperbola again in ,thc ** 
points M, N, the redlangle ACM, or ADM, 
is equal to the rectangle BEN or BFN j for 
AC, MD arc equal, as alfo PP, NE. 

Cor. 4. And fince it has bcten prcnred, "Fig.m 
that the fquare of tjie jCemidiameter AQ or 
OM is equal to the reiftan^le EBF, that is, 
to BEN ; BE, for this reafon, i§ to a6 as 

AO to EN ; and confequently BN is great- 

• • • • 

«r than [25. 5. Elem^.] twka AO, thac is> 
than AM ; that is, a tranftcrfc diameter 
is lefs than any ftraight line parallel to it, 
;ifid terminated in Qppo&te hypfit^Mlas. > 

Coii^5. If in a ftraight liuc BN terinK 
nated by the hyperbolas, thefc bf |akeii 
points E, F, which make each of the reifl^ 
angles BEN, BFN equal tp the fquare of thf 
femidiameter AO, which is parallel to BNj 
ihe points E, F are in the afymptotes^ 
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PROP. XVL Theor. 

If from a point in an hyperbola to 

the afymptotes any two ftraight 

lines be drawn, to which other 

two ftraight lines drawn to the 

- afymptotes from any other point 

in the fame or oppofite hyper- 
bola, are parallel; the re^angle 
contained by the former ftraight 
lines is equal to that contained 
by -the latter* 

Jng.ii. Let A, B be points in an hyperbola^ 
x>r in oppofite hyperbolas j through A draw 
the ftitdght lines AC, AD to the afymp* 
totes, and through B draw BE, BF paral* 
lei to AC, AD ; the redangle CAt) is e* 
qual to the re(5langle EBF. 

Draw through the points A, B to the a*- 
fymptotes the ftraight lines GAHi KBL pa- 
rallel to the fecond axis, and the propofi* 
don may be demonftrated in the fame 
words with the preceding. 

A Cos.. 



i 



/ 



I 
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« 

Cor. I. Hence, if from two points ia 
an hyperbola, or oppofite hyperbdlas, to 
one or both of the afymptotes, two ilraight 
lines be drawn parallel to the other afymp* 
tote, or to both of them; the redangle con* 
tained by the one parallel and the feg- 
ment between it and the centre, is equal 
to that contained by the other parallel and 
the fegment between it and the centre. 

Let A, B be the points ; through them 
draw AC and BE, or BF, parallel to the a*- 
fymptotes ; the redlangle contained by the 
parallel AC, and the fegment CO between 
AC and the centre, is equal to the recflangle 
BEO or BFO : for if the parallelograms 
ACOD, BEOF be completed, the redangles 
CAD, EBF, that is, the redangles ACO, 
BEO, will be equal. 

CoR. 2. And fince the redangles CAD, 
EBF are equal, AC is to BE as BF to AD ; 
•and the parallelograms ACOD, BEOF be- 
ing equiangular, are therefore equal. [14^ 
6. Elem^]. 



PROP. 



i 
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PROP. XVII. Theor. 

Any ftraight line drawn through 
. the centre, and which pafle* 
within the angle contained by 
the afymptotes, meets^ the hy- 
perbola. 

ig. 12. Let AB, AC be the afymptotes,' and AI> 
cKe half of the tranfverfe axis, and let AE 
be any ftraight line drawn through the 
centre and {raffing within the angle BAG j 
AE meets the hyperbola. For if AE meets 
not the hyperbola, through D draw BDG 
parallel to the fecond axis, and meeting 
the afymptotes in B, C ; draw alfo DF pa- 
rallel to AB, and let DF meet AE in F j 
and having taken BG equal to DF, join 
GF, which will be equal and parkllel to 
BD, and will therefore m«et the tranfverfe 
axis at right angles, and . fo will cut the 
hyperbola [i i. 3 J: let it cut it in H on the^ 
iame fide of AD on which is the point F j and 
let it meet the other afymptote in K : fince, 
therefore, the point F is without the hy- 
perbola^ GH is greater than GF, that is, 
rixan BD j and HK i^ greater than DC : 

dierefore 
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therefore the redlarigle GHK is greater 
than the rcdlangle BDC, that is, than the 
fquareofBD: but, by the 13th of this 

book, the recflangle GHK is equal to the 
fquare of BD j which is abfurd : therefore 

AE ncceflarily meets the hyperbola* 

I 

Cor. If from the centre a ftraight line- Fig. lo, 
OA be drawn within the angle contained °* 
by the afymptotes, and the fquare of that 
flxaight line be equal to the redlangle EBF, 
contained by the fegments of any ftraight 
line parallel to OA, which ^ are intercepted 
between the point B, where that parallel 
meets the hyperbola, and the points E, F 
where it meets tlie afymptotes ; the point 
A is in one of the hyperbolas : for, ac- 
cording to the propofition, the ftraight 
line OA neceffarily meets the hyperbola : 
if, therefore, it meets not the hyperbola 
in A, let it meet it, if poflible, in P ; and 
then the fquare of OP will be equal to the 
[1 cor. 15. 3.] redlangle EBF, that is, to 
the fquare of OA ; which is abfurd : there- 
fore the point A is in the hyperbola. 

Y 3 P R O Pi 
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PROP. XVm. [Prop. 13. B. 2. Jpoli.] 

If within the angle contained by 
the afymptotes any ftraight line 
he drawn parallel to either of 
the afymptotes, it meets the hy- 
perbola in one point only, and. 
pafles within the hyperbola. 

r^g. li. Let there be an hyperbola, the afymp* 
totes pf wjiiqh are AL, AM ; take any 

point N, and through N draw. NO parallel 
to AL ; NO will meet the hyperbola. For, 
if poflible, let NO not meet the hyperbo- 
la ; and in the hyperbola take any point P, 
through which draw PQ^, PM parallel to 
AM, AL, and make the redlangle ANQ e- 
qual to MPQ^; ^nd having joined AO, 
produce it ; AO wiU meet the [17. 3.] hy-^ 
perhola : let it meet it in the point R, an4 
through R draw RS, RT parallel to AM, 
AL ; therefore the redangle MPQ^ is equal 
to the [ 1 6. 3.1 re^angfe TRS : but th? reijt-r 
angle ANO is made equal to the fame 
MPQ_; the reaangle, therefore, TRS, that 
is, the rec^iangle ATR, is equal to ANO } 

which 
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Vrhich is im^offible, becaufe RT is greater 
than NO, and AF greater than AN : there- 
fore NO mull meet the hyperbola. Let it 
meet it in the point V, and it is to be pro- 
ved that it does not meet it in any other 
point : For, if poffible, let it i?aeet ' it like- 
wife in X,^ and through V, X draw VY, 
XL parallel to AM i therefore the retSl- 
angle N VY is equal to the rectangle NXL ; 
which is abfurd : therefore NO meets the 
hyperbola no where but in the point V, 
Laftly, in the ftraight line NV produced, 
take the point X, and through X draw a 
ftraight line parallel to AN, and let this 
parallel meet AY in L and the hyperbola 
in Z ; therefore the redlangle XLA is great- 
er than VYA, that is, than ZLA j th^e- 
fore LX is greater than LZ ; and thus the 
point X is within the hyperbola. 

Cor. I. It appears from the demonftra- 
tion, that a ftraight line drawn through 
the centre, and pafling between the afymp-* 
totes, meets the hyperbola in one point 
only : for fliould AR meet the hyperbola 
in another point O, the redangles RTA, 
ONA would be equal ; which is abfurd. 

Cor* z. And if a ftraight line meet an. 

hyperbola, 



w 
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hyperbola, or oppofite hyperbolas, in two 
points, it meets both the afymptotes ; for 
if it were parallel to the one of the afymp- 
totes, it would meet the hyperbola in only 
one point. 

CoR. 3. And if a ftraight line touch an 
hyperbola it meets both the afymptotes ; 
for if it were parallel to the one of them, 
it would pafs within the hyperbola j which 
is abfurd. 

CoR 4. If through the point N in one 
afymptote a ftraight line NO be drawn pa- 
rallel to the other, and in this ftraight line, 
and within the angle within which the hy- 
perbola is defcribed, a point V be taken, 
making the rectangle VNA, contained .by 
a ftraight line between the afymptote AM 
and the point V, and by the fegment be- 
tween that ftraight line and the centre, e- 
qual to the rectangle PMA, contained by 
a ftraight line drawn from any point P of 
the hyperbola, fi) as to be parallel to the 
afymptote AL, and by the fegment be* 
tween this parallel and the centre; the 
point V is in the hyperbola : for if NO 
^ meet not the hyperbola in V, let it, if pof- 

fible, meet it in X ; the redlanglp XNA is, 
therefore, equal to the re(5tangle PMA, 

that 
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that is, to the redlanglc VNA ; which is 
abfiird : therefore the point V is in the hy*- 

perbola* 

» 

PROP. XIX. Theor. 

t 

If through a point A of an hyper- F«- 
bola a ftraight line be drawn 
meeting both the afymptotes in 
the points B, C ; if from either 
of the points C another ftraight 
line CD be placed equal to the 
ftraight line intercepted between 
the point A in the hyperbola 
and the remaining point B, fo 
tliat the extremity D of the 
ftraight line CD, and the point 
A in the hyperbola, may be ei- 
ther both between or both be- 
yond the points B, C ; the point 
D, in the one cafe, is in the hy- 
perbola in which the point A 
is ; but in the other, it is in the 

. o|^oiite hyperbola, 

let 
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• Let G be the centre of theliyperbalais, 
and through A, D, to. either afymptote 
GB, draw ftraight lines AE, DF parallel 
to the remaining afymptote ; and, becaufe 
of the parallels, BA is to DC as BE to FG: 
but BAi DC are equal; therefore BE, FG 
. axe equal ; and fo BF, EG are alfo equal : 
and beeaufe of the equiangular triangles 
AE is to DF as BE to BF, that is, as FG 
to EG the reiflangle AEG is therefore e- 
qual to the redangle DFG, and the point 
A is in the hyperbola; and therefore the 
point D (GF being one of the afymptotes) 
is alfo in the hyperbola [4 cor. preceding]. • 

PROP. XX. Theor. 

If a ftraight line cuts both the 
: ftraight lines containing the 
• angle adjacent to that, within 
. which an hyperbola is defcribed, 

it meets each of the hyperbolas 
in only one point. 

fig. 13. Let there be an hyperbola, the aiymp- 
'totes of which are GB, GC, and let the 
ftraight line BC cut them in the points 



1 
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B5 Gj and paving taken in the hyperbolas 
any point H, through that ' point dtkvr. 
HIK parallel to BG, and meeting the a*- 
fymptotcs in I, K ; and to the flraight line 
BC apply a rcdlangle equal to the reftangle 

IHK, arid let this applied i^dlangle exceed 
hy^^t^fqvLzre [29. 6. Elem.]; and let A, D 
be the pbints of application; A, P arfe 
{)oints in the hyperbolas. Foi* through Aj 
H draw the ftraight lines AE, AN, and • 
HL, HM pafallel to the fefymptotes ; and 
becaufe the * redlangles BAG, KHl af e e*- 
qual, BA is to KH as HI to A^. : but, on 
account of the equiangular triangles, 6 A 
is to KH as AE to HL : and HI is to AG 
asHMtoAN: therefore AE is to HL as 
HM to AN J and therefore the recflangle, 
EAN, or AEG, is 'equal to the re<ftangle 
MHL, or ilLG ; and the point H is in the 
hyperbola ; therefore the point A is alfo in 
the fanie or in the oppofite hyperbola 
[4. cor. 18. ^J]i and in the fame manner 
D is in ihehyperbpla oppofite. to the hy- 
perbola in which the point A is : And it 
is manifeft, that BC does not meet the hy- 
perbolas in any othfir point. 

^ CqR. Hence if a flraiglit line BC cut 

• Z both 
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;both the ftraight lines comaining the.angltf 
j^djacent to that widiiii iwrhich the hyper* 
bola is defcrihed, and in BC produced a 
point A be taken^ which makes the re^ngle 
BAG equal either to KHI^ contained by 
» the fegments of any ftraight line HK pa** 

xallcl to BC, which feginents are iiitef* 

cepted between the point H where. HK. 

« 

meets the hyperbola, and the points K, I 
where it meets the afyni^ptotes ; or tp the 
fquaie of the femidiameter p^trallel to BC; 
the point A is ipi one of the hyfierbqias. . 

PROP. XXL TaEOR. 



Let a ftraight line cut both the 
ftraight line* within which an 
hyperbola is defcribed j if the 
fquare of the half of it be riot 
lefs than the; redangle contam-' 
ed by the fegments of anodier 
flraight Une drawn paraHel to it 
through any point of the h'y* 
perbola, which fegments are be- 
tween the hyperbola and the 

afyzDptates ; 
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1 - - 

: afyinptates ; that 'fff aight linfe 

meets the hyperbola. 

.... J 

Let there be an hyperbola, the afymp- F> g- » • 
t«e8'<^ Whkh are OC, OD, and let a " 
^ftmight \ine GH cut th^m ; GH meets the 
; hyjierbolft, if the fquare of its half be hot 
^tefs thaii th« reAangle mentioned in the 
/prapoifition. . 

Having taken in the hyperbola' any 
point M, through that point draw a 
ftfaightline parallel to GH, and ineeting 
the afymptotes in K, L ; and to the fame 
GH apply a rectangle ccjual to the re£l- 
-angle KML, and tieficienf by a fquare ; 
'which, from ' the determination, is pof-r 
tfible (47. 28^ h Elena.], and let A be the 
point of application ; this point will bie in^ 
the hyperbpla : for if the ftraight lines.AC, 
|MN !be drawo thrtftigh the points A^ M 
parallel to the afymptotes, the redlangles 
ACO,- MNQ wifl be 'equal ; becaufe the 
refltengle '.GAH U equal to the re^angle 
KlylJL J ^nd the point M :is in the: hy- 
perbola : therefore the point A is alfo in 
it. In like manner it may be proved, that 
the other point of application is in the hy- 
perbola ; but if the fquare o£ the half of 

Z 2 GH 
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; 

GH be equal to the rec^ngle KML» the 
point bifeding GH is the only point of 
GH that is in the hyperbola. 

Co R. Hence, if a ftraight line GH cvA 
the afymptotes OK, OL qf an hyp^bolsi, 
andin GH a point A betaken, making 
the r^dangle GAH equal richer to the roSk- 
angle KML, contained by the fegments of 

any ftraight line KL parallel to GH, which 
fegments are intercepted between the- point 
M where KL meets the hyperbola, and the 
points K, L, where it ipeets the afympi^ 
totes J or t;o. the fquare of the fegment of 
the tangent parallel to GH,. which ieg- 
ment is between the afymptote and point 
of contad ; thp ppint A is in Qne of thfe 
Jiyperbqlas, 

PROP. XXII. [Pr^p. 14. B. 2. Apoti:\ 

An afymptote and the Jiyperbola^* 
produced without «nd, conti-^ 
nually * approach ; and the di- 
ftance between them becomea 
lefs than any giv^n dift^nce. 



* See propoijtiaa xz< 



Let 
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Let there be an hypcrboki the afymp- Fig. 14. 
totes of which are AB, AC," ahd let I> be 
the given diftance ; and in »the hyperbola 
let E, F be two points, through which 
draw GEH, CFL parallel to each other, 
and meeting the afymptotes in the points 
G, H and C, L ; join AE, and let it meet 
CL in Kt then, becaufe die redangle 
GEH [15. 3.] is equal to the redlangle 
CFL, LF is to pE a3 EG is to FC : but LF 
is greater than HE, becaufe KL is greater 
than HE ; therefore EG is alfo greater than 
FC. In like manner it may be proved, 
that the ftraight lines which follow are 
fucccffively lefs than FC, Take then a 
diftance GM lefs tl]^an the diftance P, and 
through M dray/ MN parallel to AC j 
therefore MN will meet [18. 3.] the hyper- 
bola; Let it meet it in N, and through N 
draw QNB parallel to GH ; ON is, there*-* 
fore, equal to GM, and therefore lefs thai) 
the diftance J>. 



PROP. 
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PROP. XXIU. 

If 9. Utaight line intercepted be- 
tween the afymptotes meets the 
hyperbola, and is bife<5l:ed in the 
point where it meets it, it 
toucl^s the hyperbola ; and if 
it toiiches the hyperbola, it is 
bifefted in the point of contact. 

^ • - 

Fig. 1 J. ' Let there be an hyperbola the afymp- 
^- ^* totes 6f which are AB, AC, and let a 
ibraight line BC; terminated by the afyropr 
totes, meet it in the point X), ' and be bi- 
fedled in D ; the ftraight line BC touches, 
the hyperbola. 

Through D draw DE parallel to the one 
afymptote AC, arid meeting the other in 
E ; and in BC take any point G, through 
which draw GH parallel to DE ; GM will 
meet the hyperbola in [i8. 3.] fome point 
F: then, becaufe BD, DC are equal, BE, 
KA arc :alfo equal ; and, becaufe of thee-* 
quiangular triangles, BE is to ED as BH 
to HG ; therefore the redangle BEA is to 
^ the [ u 6» Elem.] redangle DEA as the red- 

angle 
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angle BHA ta GH A : but the re6tangle 
££A is [5. a. Elem-] greater than BHA; 

therefore the redfatngk DEA is greater 
{14. 5. Elem.] than the re^ftangle GHA ; 
that is, (F being a point in the hypcrf)ola), 
the redlangle FHA is greater than the re<5l*- 
angle GH A ; and therefore FH is greater 
than HG j therefore the pcnnt G is with- • 
4>ut the - hyperbola ; and therefore the 
ftraight line BC toixches the hyperbola in 
the point D. 

C t H t KW I S.B. 

Ifafbaight line LM, tenhinated F!|.i^ 
by the afymptotes, i& bife^ked by 
the hyperbola in the point D, 
it touches the hyperbola. 

It is plain that LD pafles not wirhin the 
hyperbola ; for if it paffed within the hy- 
perbola^ it would neceffarily meet the hy- 
perbola again in another point, becatrfc 
the points L, M are without the hyperbo- 
la: but it is impoflible for it to m^etthc 
hyperbola in any oth* point but D ; for, 
if poffible; let it meiet it in N ; therefore 
NM is [14. ^.i equal to DL, diat is, ud- 

Wding 



n. I. 
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. cording to the hypothefis, to DM ; whicll 
is abfiird : therefore LM falls not within 
the hyperbola, nor meets it any where 
but in the point D; arid therefore LM 
touches it in D* On the contrary, if the 
ftraight line LM> terminated by the a- 
fymptotes, touch the hyperbola in D, it 
is bifedied in the point of contact 

For if LD, DM are unequal, from DM 

the greater take away MN equal to LD the 
lefs ; therefpre the point N is [19- 3.] ia 
the hyperbola ; and therefore, contrary to 
the -hypothefis, LM cuts the hyperbola, 

!%. 15. CoR. I. Hence through the fame poiflt 
^* *• D of an hyperbola, only one ftraight line 
can be drawn touching theTiy perbola* ; 

Let D be a point in the hyperbola, and 
through that poiiit to the afymptote AB 
-draw a ftraight line DE parallel to the o- 
thcr ; and take EB equal to EA, and har 
ving joined BD, let it meet the afymptote 
ACinC: then, finceBE, EA are equal, 
' BD, DC are equal j BC, therefore, touches 
the hyperbola in D* And no other ftraight 

line touches it in D: for, if poflible, let 

.LDMalfo touch it; then, fincc BE, EAare 

equal, LE, EA are unequal j and confo- 

a ^ ^ quently 



n. z. 
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'fquentiy LD, DM are unequal: therefore 

LM does not touch the hyperbola, ' 

' CoR. 2. Hence a method is pointed out, 
by which, if the afymptotes AB, AG of an 

* hyperbola be given in pofition, a ftraight 
line BC can be drawn which may touch 
the hyperbola in a given point D. * 

- CoR. 3, If through the vertices of a Fig. ij, 
tranfverfe diameter two ftraight lines be 
drawn touching the hyperbolas, they are 
parallel to each other. Let AC, BC be the 
afymptotes, and let AOB, QPR touch the 
hyperbqlas in the vertices of the tranf- 
verfe diameter OCP ; AB, QR are parallel. 
There being drawn to either afymptote AG 

.the ftraight lines OS, PT parallel to the o- 
ther, the triangles SCO, TCP are equian- 

'gular : and fince, by the propofition, AO, 
OB are equal, AS, SC are alfo equal ; and, 
in like manner, QT, TG are equal : and 
GO is to OP as CS to CT ; and, confe- 
quently, as GA to GQ^; therefore the 
triangles OCA, PCQ^ are equiangular ; and 
therefore OA, PQ^ are parallel 

GoR. 4. And if a ftraight line be drawn 
parallel to a tangent, and meeting the hy- 
perbola, thefquare of the fegment (of the 
tangent) between the point of conta<ft and 

A a cither 
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tither of tlie afymptotes, is equal to the 
re^ngle contained by the fegmeats of the 
parallel which are between the Bfymptpte^ 
and the point 'where it meets the hyperbch 
la ; for (his rej^ngle is equal to the re^-e- 
angle contained by the fegments of the 
tangent [15, 3.] which a^e be^een the 
point of contadl and the afymptotes, that 
is, to the fqiiare of the fegment (of the 
tangent) between the point of contafi and 
ijither of the afynjptotes. 



:PR0P. XXIV. Prob. 

5^g«5- The afymptotes AB^ AC of an 

hyperbola, and a point F jn thh 
fame, being given in ppfition, 
to draw a ftraight line whid^ 
ftiall touch the hyperbolaj^ ao4 
he p^^^allel to 3 ftraight line KO 
given in pofition, and which 
cuts both the afymptotes of the 
hyperbola^ qv Q|jpo{ite liypeybo^ 
las. 

Sypppfc the problem fplved^ an^ let BC 

be 
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be pafailel to KO, and toUch the hyperbo- 
la in D ; and having joined AD, Ut AD 
meet KO in P ; di^aW iRQ^parallel to ADj 
and meeting the afymptoies in Q^^ R; 
and fince the ftraight line BC touches the 
Ihiyperbola in D, BD is equal to 6C [23. 3.] ; 
and confequently KP is equal to PO ; and 
KO is given iri pofition and magnitude; 
therefore KP is given, and the point P j 
and the point A is given ; therefore the 
ftraight line PAD is given in pofition : the 
fqnare of AD is equal to [i. cor. 15. 3.] the 
redlangle QFit : and fince FRQ^ is given 
in pofition [28. dat J, being drawn through 
k given point F, parallel to a ftraight line 
AD given in pofitipn, and that AB^ AC 
are given in pofition ; therefore FQ^^ FR 
are [25. 26. dat,] given j therefore the redl- 
angk (^R is giyen; €onfequently the 
fquare of AD is given 5 and therefore AD 
is given in magnitude : but the point A 
is given in pofition ; therefore the point D 
is alfo given [27, dat]; and therefore thd 
ftraight line BDC is given in pofition.. 

The compofition is this : Let KO be bi-* 
_fe<5iedinPj and having joined AP^ draw 
through thp point F a ftraight line FRQL 
^parallel to AP, and meeting theafymptotes 

' A a a in 
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in the points R, Q_: ' again, in AP produ- 
ced, and in either direction from the centre, 
ler there be placed AD, fo that it may be a 
mean proportional between FQ^, FR, and 
through D draw BDC parallel to KO ; BC 
will touch the hyperbola in D : for fince 
the fquare of AD is equal to the redlangle. 
QFR, the point D is [cor. 17, 3.] in the 
hyper]x)la ; and fince KO, BC are parallel, 
and that KO is bifeded in P by the flxaight 
line PAD, BC is bifeded in D ; and there- . 
fore touches the hyperbola in the fame 
point D. 

PROP. XXV, Theor. 

If two ftraight lines touch an hy- 
perbola, or oppolite hyperbolas, 

; and cut the afymptotes ; the 
re6langle contained by the feg- 

- inents (of the afymptotes) inter- 
cepted between the centre and. 
the points where the one ftraight 

• line interfe6ts the afymptotes, is 
equal to the red:angle contained ' 
by the fegments (of the afymp- 
\ ' totes) 
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totes) intercepted between the 
centre and the points where the 
other ftraight line interfeds the 
afymptotes. 

ft 9 

Let there be an hyperbola, with AB, AD F>fr ^^' 
for its afymptotes, arid let a ftraight line 
BD touch it in C, and a ftraight line GE 
touch the fame,: or the oppofite hyperbola,, 
in F J the redangles BAD, EAG will be 

equal. 

From the points C, F draw CH, GK, and 
FL,FM parallel to the afymptotes ; then BCD 
touching the hyj^erbpla, BC is equal to CD, 
and confequently, BA is^the double of AH^ 
and AD the double of HC ; therefore the 
redlangle BAD is the g[uadruple of the re(3:-, 
angle CHA. It may be fliewn in the fame 
manner, that the redlangle. EAG is the 
quadruple of the redlangle FMA : but, by 
propoiition 1 6. o^ this bopk, the reiSanglc? 
CHA is equal to the- refftangle FMA; the; 
redangle BAD is . therefore equal to the, 
reftangle EAG. 



I 
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If two flraight lines touching- aii 
hyperbola, or oppofite hypc^rbo- 
las, meet the afymptotes ; the 
ftraight lines drawn between the 
points of eoncourlc are parallel 
to each other, and to the 
ftraight line joining the points 
of contad:. 

« 

Pg'iC- Let there be an hypeitoia, wkh A% 
AD for its afymptotes j let Bl> tduch it ia 
C, and EG touch the fame, or the appo- 
fite hyperbola, inF; BE, DG^ when join- 
ed, ar« parallel to CB, 

Since the recSangled BAD, BAG krc e- 
qnal, BA is to EA as GA to AD ; there- 
fore £E, GD are parallel: johiDiP, and' 
let it meet BE in N^ ^then fince DF is to' 
FN as OF to FE, that is, as [23. ^3.] DC to 
CB, BN, GFare^rallel. 

Cor. Of two ftraight lines touching an 

hyperbola, the fegments betweeil the a- 

fympttitcs are cut, proportionally, in the 

I point 



. ---^ 
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{)dint O wbere the two Oraight lines inters 
ft&. each Ofther, and in G, F the points of 
4^ntad, 

PROP. XXVII, Theor. 

Every ftraight line drawn through 
the centre of an hyperbola, and 
paffing within the angle adjacent 
to that within which the hyper- 
. bola is defcribed, is 9 right dia<- 
meter. 

Let ifhere be an hyperbola, AC, BC its ^ig- 15* 
afymptQtes, and draw any ftraight line * * 
CE through the centre, and within " the 
angle adjacem to the angle AGB; C£ b a 
light ^ame^er* • 

In BC produced take any pcunt D, suut 
through D to GE draw a ftraight line DF 
parallel to the aiyxnptote CA ; and having 
made 3Xjr equal to DC, join GF, and let 
GF meet CA xol H : thop^ iince OH meets 
4he ^^ht lines CA, CD, which contain 
the angle adjacent to ACB, it muft meet 
(20. 3.] the hyperbolaB : let it meet them 
4i| die foints^K, Jb; .KH, LG are, there^ 

fore. 
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fore, equal [14. 3.] : and becaufe CD, DG 
aree^ual, and CH, DF parallel, HF, FG 
are equal ; the whole FK is, therefore, e«- 
qual to the whole FL ; and therefore CF ii 
[4. def. 3.] a right diameter. 

D E F. XI. 

When a ftraight line drawn through' the 
centre of an hyperbola, . and bifedled in the 
centre, is parallel to a ftraight line which 
touches the hyperbola, and equal to the 
fegment (of the tangent) between the a- 
fylnptotes, it is named tYitfecond diameter 
of the diameter drawn through the point 
of contaft. 

Cor. I. Hence every fccond diameter is 
a right diameter ; for it pafles within the 

angle adjacent to that within which the 
hyperbola is defcribed. . 

CoR. 2. Hence a ftraight line which 
joins the vertices of a tranfverfe diameter, 
.and of its fecond diameter, and thus cuts 
one of the afymptotes, is parallel to the 
other afymptote. 
p. , 5, , For let .OOP be. a tranfverfe diameter, 
o. 2. , and MQN its fegond, ,an4 AOB a ftraight 

line 
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line touching the hyperbola in the vertex 
of the tranfverfe OCP ; MO, NO arc [3 1 . 
I. Eli»m. and 11.. def. 3.] parallel to CB, 
CA, 

D E F. XII. 

A third proportional to two* diameters, 
one of which is a tranfverfe diameter, and 
the other the fecond diameter of this tranf^ 
verfe, is named the latus reSlum^ or the pa* 
ranuter of that diameter whi^h is the firft 
of the three proportionals. 

PROP. XXVIII. Theor. 

If from a point in an hyperbola to 
a tranfverfe diameter a flraight 
line be drawn pandlel to the fe- 
cond diameter of that tranfverfe^ 
the fquare of the tranfVerfe dia- 
meter i$ to the fquare of the fe- 
cond diameter, as the re&angle 
contained by the fegments of 
the tranfverfe which are be- 
tween its vertices and the paral- 

B b lei, 
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lei, is to the fquare of thp paral- 
. leL 

Fig. 17. Aa being a tranfverfe diameter, and B^ 
its fecond diameter, CG, CF the afymp- 
totes, and DE dfawn par^llpl to B^ from a 
point in the hyperbola to the tranfVerfe 
Aa; the fqtiare of Aa is to the fquare of 
Bb as the re<flangle AEa is to the fquare of 
DE. 

' Let DE meet the afymptotes in F, G, 
and draw HAK- to^ohing the hyperbola in 
the vertex A ; therefore, by def. 1 1 . pf thi? : 
book, HA is equal and parallel to BC, 
and, of confequence, parallel to FE; and, 
because of the equiangular triangles, the 
fquare of CE is to that of EF as the fquar? 
of CA to that of AH, that is, as the fame 
fquare of GA to the [4. por, jj. 3.] re^- 
angle FDG j the fquare of CA is, tjief e- 
fore [19. 5. Elem.], to the fquare of AH 
as the r?(flangle AE^ to the fquare of ED j 
the fquare of A j, therefore, is to the fquare 
of B^ as the re^langle AEa to the fqiyiare of 

CoR. I. The fquares of ftraight lines 

4r^wn from points of a^ hyperbola, or of 

? the 
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the oppbfiW hyp^tbbla, to at tranfverfe dia- 
meter, and which are parallel to the fccond 
diameter of this tranfrerfe, are to one an*- 
other, as the reAangles contained by thb 
fegments (of the tranfverfe diameter) in- 
tertejjted between its vertices and thofe pa- 
i^Ifels. See prop-. 15. eor. i. B. si. 
. CoRi 2. Arid, on the contrary, A being ^'fr '?^ 
an hyperbola, having Ad for a tranfverfe 
diameter, and B^ for the feCond diameter 
of Aa ; if from a point D to the tranfVerfe 
Aa a flraight line DE be drawn parallel to 
the fecond diameter^ and meeting the 
tranfverfe diameter produced in E, and the 
fquare of CA be to the fquare of GB as the 
redarigle AEi to the fquare of ED; the 
point D is in the hyperbola* For fince DE 
is p^tallel to BC, ind confequehtly to HK, 
Which touches the hyperbola in the vertex 
of the tranfverfe diameter, it will necefTa- 
rily meet the afymptotes [3. cor. i8,3j, 
aiid of confequence the hyperbola : if, 
then, it does not meet the hyperbola in D, 
to: it, if poffible, meet it iil another pbint 
dj on the fame fide of Aa with the point 
D ; therefore the redlangle AE^at is to the 
fquare of JE as the fquare of CA to the 
^^uare of CB, that is, by hypothefis, as 

B b 2 the 
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the rcdlangle AEa to the fquare of DE j 
therefore JE, DE are equal ; which is ab- 
furd; DE, therefore, meets not the hy- 
perbola in dy nor, as is evident, in any 
. point but D» 

Cor. 3. Subftitute the word hyperbola in 
place of tUip/e^ and the third corollary of 
prop. 15. B. 2. becomes alfb a corollary 
from this propofition. 

PROP. XXIX. Theor» 

1 * 

If from a point of an hyperbola to 

< 

a fecond diameter a ftraight line 
be drawn parallel to the tranf- 
verfe of that fecond diameter.: 
the fquare of the fecond diame- 
ter is to the fquare of the tranf- 
verfe diameter, as the fum of the 
fquares of half the fecond dia- 
meter, and of the fegment be- 
tween the centre and the paral- 
lel, is to the fquare of the pa- 
rallel. 

- From 
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From D, a point of the hyperbola^ to Fig, 17. 
the fecomd diameter Bi, draw DL parallel 
to the tranfverfe diameter Aa ; the fquare 
of Bb is to the fquare of Aa as the fum of 
the fquares of CB, CL is to the fquare of 

DL. 

. Through the point D draw DE parallel 
to BC ; and fince, by the preceding pro- 
pc^tion, the fquare of CAis to the iquare 
of CB as the redlangle AEa to the fquare of 
ED ; therefore, invcrfely, and by prop. 1 2. 
5. Elem. the fquare of CB is to the fquare 
of CA as the fum of the fquares of CB, ED 
to the fquare of CA, together vflth the 
redtangle AEa, that is, as the fum of the 
fquares of CB, CL to the fquare of EC or 
DL. 

CoR. I. If firom two points of an hyper- 
bola, or of oppoiite hyperbolas, to a fe*- 
cond diameter, two flraight lines be drawn 
parallel to the tranfverfe of that fecond 
diameter, the fquare of the one flraight 
line is to the fcjuare of the other^ as the 
film of the fquares of half the fecond dia- 
meter, and of the diftance between the 
one ffaraight lipe and the centre, to the fum 
of the^fquares of half the fame fecond dia- 
meter, 
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meter^ aiid of thfe diiliace b€tWeefib the o- 
ther fttaight limi and the centrfe; 

Cor. 2. And, dtt the other halld, if 
from a point D to a* fecoiid diibietef BG 
of afli hypefbok, a Arai^bt line I>i, bfe 
drawn parallel to CA the tranfverfc of that 
fecond diameter, ^nd the fqtiare of fi^ have 
the fathe ratio to the fqnart of Arf thit thfe 
fam of the fqtlares of GB, ^L haVe to the 
fquare.of ElL^ the f)ointD i$ in fhehypef'* 
bcJla. Fbf fiftcfe the ftraight fine DL is |ht» 
tailel td thfr tr^nfverfe dlaiiietet^ AG, which 
is in the fpAtH between die stfjnlptDtes^ it 
meets the ftraight lines containing thfe 
angle adjacent td that tt^itfhitl which the 
hyperbola is defcribed, ^fid, * of cbnfe- 
quence, both the hyperbolas [20. 3.] ] 
and, as in the fecond corollary of the pre- 
ceding propofition, it niay be proved,ithat 
it meets the hyperbolajiti !>• 

Con. 3. With the prdpet altefatioiis, th6 
third cdfdllafy of the precedihg^ hdlds as 
a corollary here. 



PR Of* 
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PROP. Xix. Theor. 

I^et there be 9 tranfverfe diameter, 
and it§ fecpnd diameter; any 
ftraight line terminated both 
ways by the hyperbola, or the 
oppofite hyperbolas, and paral- 
lel to either of thefe diameters, 
is bifefted by the otner of them ; 
or, what is the fame thing, a 
tranfverfe diameter^ and its fe- 
cond, are conjugate di?imeters. 

Cor. It is evident, th^t two diainet^{7S 
c^naot be coajug^ted to the faoie diain^ 
ter, whether it l?e a traiifverfe or a fecond 
diameter. 



PROP. XXXI. Theor. 

Let there be a tranfverfe diameter, 
and its fecond diameter; any 
i^raight line terminated both 
ways by an hyperbola, or oppo- 
fite 
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fite hyperbolas, and bife<Sted by 
either of thefe diameters, is pa- 
rallel to the other of them : and , 

therefore ftraight lines ordinate- 
ly applied to either of thefe 
diameters are parallel to each o- 
then 

Cor. I. There being a txanfverfe, and 
its fecond diameter, ftraight lines parallel 
to either of them, and which cut off equal 
fegments of the other, between the points 
where they meet it and the centre, are e- 
qual ; and if parallel to either diameter, 
and equal to each other, they cut off, be- 
tween the centre and the points where they 
meet the other diameter, equal fegmenta 
of this other diameter. 
Fig 17. Thefe two propofitions, and this firft 
corollary, arc demonftrated from the 28th 
and 29th propofitions, in the fame manner 
iri which the 9th and i oth propofitions 
were demonftrated from the 7th and 8th. 

Cor. 2. If two or more parallels are ter- 
minated both wa^ys by an hyperbob, or 
hyperbolas, the diameter which biie£b the 

one. 



n* a. 
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one, or pile of them, bifedls the other, or 
the reft of them j for that parallel which is 
|)i(e<5led, is parallel to the diameter conju- 
gated to the bifedting diameter ; the other, 
or the reft, therefore^ is, or are, parallel 
to the fame conjugated diameter, and 
, therefore is or are bifedled by the other 
diameter [30. 3.]* 

CoR. 3. A flraight lipe, on the other 
hand, which bifedls two parallels termi- 
nated both ways by an hyperbola, or op- 
. pofite hyperbolas, is a diameter : for if 
^ not, draw a diameter bifedling the one of 
the parallels j this diameter will bifedl the 
other of them ; but, by hypotheiis, there 
is another ftraight line which bifeds both ; 
which is abfurd. 

Cor. 4, If a ftraight line touch an hy- 
perbola, a ftraight line drawn through the 
point of contadi, and which bifeds a 
ftraight line terminated both Ways by the 
hyperbola, and parallel to the touching 
line, ife a diameter ; for a parallel to the 
tangent is [11. def..3.] parallel to the dia- 
meter conjugated to that which pafles 
thro.ugh the point of contadl : and if the 
ftraight line drawn through the point of 
contadlj and which bifeds the ftraight line 

C c mentionedj 
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meationed^ be not a diameter^ draw a dis^ 
meter through th€ point of contaA ; and 
this^ diameter will alfo bife^t [^cx 3.] thfc 
paralld Vo the touchihg line, or to the coa- 
jagat6d diameter ;• which is abfurd. 

Coll* 5. Two ftraigbt Hnes terminated 
both ways by an hyperbola^ or by oppo- 
iite hyperbolas, and not paffing through 
the centre, do hot bifeA each other : for 
if they are both terifiinated by the £une 
hyperbola, or by oppolite hyperbolas, 
draw a diameter thrbugh the point wher^ 
they interfedl each other ; and then, b^ the 
propofition, they will be ^ both parallel to 
the dkmeter conjugated td this diameter; 
^hich is abfurd : but if the one of them 
be terminated by the hyperbola, and the 
other drawn between the oppofitfe hyperbo- 
las, it is evident that they cannot bife^ 
each other. 



PROP. XXXIi. THEoa. 

A Itraight line drawn through thfe 
vertex of a tranfverfe diameter^ 
and which is parallel to a ftraight 
line ordinately applied to that 

- > diameter. 
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diameter, touches the hyperbo- ' 
la ; and if it touch the hyperbo- 
la, it is parallel to ftraight lines 

prdinately applied to the tranf- 
verfe diameter drawn through 
the point pf contad. 

Let there be an hypeit)6la, the afymp- Fig. 17. 
totes of which are GF, GG ; let ha be a 
tlinfycrfe diameter, and throqgh the ver- 
tex A of AiS draw HAK parallel to DM or- 
dinately applied to the fame A^j HK 
touches the hyperbola. 

The ftraight line ordinately applied to 
the tranfverfe diameter Pui is parallel [31. 
3.] to the fecond diameter conjugated to 
that tranfVerfe; therefore HAK drawn 
through the vertex A of A^, i^ parallel to 
dift fame conjugated fecond diameter ; and 
therefore it touches the hyperbola [11. 
<lef. 3J. And, on the other hand, if HK 
touch the hyperbola,, it is parallel to the 
fecond diameter [ii.def. 3.J of CA: but 
the ordinate DM is parallel to the fame 
T3^-3'l> therefore HK, DM are parallel 
to each .other, 

Cci PROP^ 
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PROP. XXXIIL Theor. 

A ftraight line that touches an 
hyperbola meeting a diameter, 
there being drawn from the 
point of contact a ftraight line 
ordinately applied to that dia- 
meter ; the femidiameter is a 
mean proportional between its 

" fegments intercepted between 
the centre and the ordinate, and 
between the centre and the t?m- 
gent, 

Cafe I . When the touching Ihie meets a 
tranfverfe diameter. 
Fig. 18. There being an hyperbola, its afymp- 
totes AG, AH, a ftraight line KCG being 
drawn touching that hyperbola in the 
point C, and nieeting a traAfverfe diamer 
ter BAO in E, and CD drawn from the 
point of contaifl C, fo as to be ordinately 
applied to BAO j AD, AB, AE are proport- 
tionals. 

Through the vertex B let GBF be drawx) 

parallel 
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parallel to CD, and let it meet in the point 
N the tangent drawn through C, and let 
BM drawn parallel to HC meet AG in M, 
and' let DC meet* AH in L, and join KTF, 
GH ; then, becanfe GBF, drawn through 
tlie vertex of the diameter, is parallel to the 
ordinate DC, it [32, 3.] touches the hyper- 
tola : and tince the tangents HK, GF are 
iut proportionally in fcor. 2 6. 5;] the poinds 
C, B, N ; CN is to NH as BN to NG ^ and 
therefore, becaufe of the parallels, LF is to. 
FH as MK to KG ; and fince KF, QH are 
[26. 3.] parallel, FH is to FA as KG to KA; 
therefore, ex ^quOj LF is to FA as MK to 
KA : and, by compofition, LA is to FA as 
MA to KA ; therefore, becaufe of the pa- 
rallels, DA is to BA as BA to EA. 

Cafe 2. When the tangent meets a fe- 
cond diameter of a tranfverfe diameter. 

The ftraight line CE touching the hyper- F>g» »9- 
bola, and nieeting both the fecond diameter 
AB ip. E, and KAF (which is conjugated to 
AB) in G, and CD, CH being drawn from 
the point of contact C, fo as to be ordinate- 
ly applied to the conjugate diameters ; AD, 

» 

AB, AE are proportionals. 

For by the preceding cafe, AH, AF, AG 

gre proportionals J therefore the fquare of 

jt AH 
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AH is to the fquape of AF as AH is [cor, 
20. 6.] to AG ; and, by divifion, tiie yecft- 
a,ngle KLHF is to the fquare of AF as HG 
to GA : but fince CH is ordinateljr applied 
tQ AE, the redlangle KHF is to the fqpare 
of AF as the fcjuare of CH or AD to the 
fquare of AB ; therefore the fquare of AD 
i§ to the fquare of AB as HG to G A, thac 
is, as CH pr AD to AE : and therefore AD. 
AB, AE are proportioaaJs [converf. cor. 2.q^ 
6. Elem.] 

Fig. 1 8. CoR. I. Since (in the cafe where die 
tangent and ordinate meet the tranifverie 
BAO) AD, AB, AE are proportion's,. IX> 
is to DB as EO to EB^ that is, thp f^* 
ments (of the diameter) between its verti- 
ces and the ordinate are to each other as 
the fegments of the fame between the tan- 
jg^ent and the fame vertices. The demonftra- 
tion is fimilar to that given in the fecond 
part of prop. 17. B* 2. 

Cor. 2. When (in the fecond cafe) the 
ordinate drawn from tlie point of coritaA 
paffes through the extremity of the feCond 
diameter, the tangent pafTes through the 
other extremity of the fame diameter: 

fpr fince the diftance between the wdinate 

and 



BooklJI; Y H « H T'^ E It B*o L A. 407 

and the centre is equal to the half of the 
fecond diameter, the diftance between the 
tangent and the centre is equal to the fame 
femidiameter. 



PROP. ^XKW. Theor. 

If from a point C in an hyperbola 
a ftraight line CD be ordinately 
. a|}plied to the diaiheter AB, and 
a ftraight line CE be drawn 
from the fame point ; if the fe- 
midiameter be a mean propor- 
tional between the fegments of 
ABj which are cut off towards 
the centre by thefe ftraight 
lines ; CE touches the hyper- 
bola. 

r 

For if CE does not touch the hyperbola, jig. 18. 
let CF touch it ; therefore, by the ptece- '9» 
ding propofition, AD, AB, AP arc propor- 
tionals : but, by the hypothefis,* AD, AB, 
AE are proportionals ; which is abfurd : 
CE, therefore, touches the hyperbola, 

PROP, 
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PROP. XXXV. Theor. 

If a ftraight line touching an hy- 
perbola meet a tranfverfe dia- 
meter, there being drawn from 
the point oi contact a ftraight 
line ordinately applied to the 
fame diameter ; the .re6:angle 
contained by the fegments (of 
the diameter) intercepted be- 
tween the ordinate and the 

« 

centre, and between the ordi- 
nate and the tangent, is equal 
to the reftangle contained by 
the fegments between the ordi- 
nate and the vertices of the dia- 
meter ; and the rectangle con- 
tained by the fegments between 
the tangent and the centre, and 
between the tangent and the 
ordinate, is equal to the re<9;- 
angle contained by the fegments 
between the tangent and the 

vertices 
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vertices of the diameter. But if 
the tangent meet a fecond dia-r 

meter, there being drawn from 
the point of contact a ftraight 
line ordinately applied to that 
fecond diameter; the redangk 
contained by the fegments be- 
tween the ordinate and the 
centre, and between the ordi- 
nate and the tangent, is equdi v 
to the fum of the fquares of the 
femidiameter and the fegment 
between the ordinate and the 
centre; and the rectangle con- 
tained by the fegments between 
the tangent and the centre, and 
between the tangent and the or- 
dinate, is equal to the fum of 
the fquares of the femidiameter 
and the fegment between the 
tangent and the centre. 

V 

Cafe I. The ftrtight line which touches Jig* ij. 
the hyperbola in C, meeting the tranfvcrfe 

D d diameter 
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diameter BAy iri^tne jibiht fe, and an or- 
dina:te'Tneemyg-tftc :fatne Hiameter in D; 
the riclanglc'ApEds equal to the r^anglc 
BDOi andthf retaangle AED;to BEO. 
^, For fince AD,. AB, rAE are proportio- 
nals, tlie re^tajlgle DAE 15 ^ equal to the 
Tquarre of Atly iind thefe eqttals being ta- 
4ceii fteinJth^:£^uare of AD,' the remaining 
recflangjk ADJ^; is equal to the* remaining 
rp^angleBDp [2.,^nd-6. 2. Elem.]. Next, 
from, the fame equals, viz, the rectangle 
DAEahd "thfe^/quare of ATS," take away 
tho comiribri' iquare [3^ and 5. ^. Elem.J 

•of AE, iand the remaining rc<^ahglc AED 
is equal to therenxaipiugrecl^^jagle BEO. 
Fig. 19. Cafe 9,. The tangent and prdinat;e^ drawn 
/ from the point C, meeting tl\fe fecond dia- 

meter in the points E, Dj filled' the re<Sl- 
aiigle EAD is equal to the i^uare of AB, 
ad^ to each of thefe fquik the, Square of 

:AD, and the. redangle ADE will be equal 
to [3. 2. ElemJ tlicfum of the fquares of 
AB, AD. Next, if to tiie fame equals, to 

'wit, thercd^anglc EAD and-thefquare of 
AB, the fquare of AE:be addtd; the red- 
angle AED will be equal to the fum of the 

^fquares of AB, a'e:* '--^^ ' ' ' 






iPROP. 
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I 

\ PR OP. XXXVI. TheoV. . ■ 

If a ftraight line tx)uch an hyperbo^ 

la it iiiiei^s the ande contained 
- . • ' . p • 

_ '. by the ftraight lines drawn, from 
the foei tQ the point of contact ; 

; . and, on the <:ontrary, if a; 
ftraight line bife£t the angle con- 
tained by two ftraight lines 
drawn from a paint of ah hy- 
perbola, to the foci, it touches 
the hyperbola. 

' r 

There being an hyperbola, its tranff Fig. 20. 
Tcrfe axis* AB, and the centre the paint G^ 
a ftraight line DE touching it, an4 meet-r 
mg the tranfvcrfe axis in E, and j t^e 
ftraight lines DF, IXi being drawn^ from • 
P the point of conta(5l to the, foci } the 
angles FDE, GDE are equal. . 

From the point D draw DH perpendicu- 
lar to the axis, and from, the point A, 
which is the nearer (to D) of its vertices, 
place,* ifi the axis produced, a ftraight line 
AK equal to DF, and KB will [i. 3.] be 

* D d 2 equal 
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equal to DG ; and, by the fifth propofition 
of this book, CK is to CH as CF to CA: 
but as CH to CA, £o [33. 3.] is CA to CE ; 
therefore, ex aquali, as CK to CA fo is CF 
to CE ; and, by converfion, as CK is to 
KA £0 is CF to FE ; and by doubling the 
ainte'cedents, twice CK is to KA as FG to 
FE : therefore, by divifion, BK is to KA 
as GE to FE ; and BK, KA arc equal to 
PG, DF ; therefore as DG to DF, fo is GE 

to EF ; and therefore the ftraight line DE 
bifedls the angle FDG [3. 6. Elem.J. 

If, on the contrary, a ftraight line DE 
bifeds the angle FDG, it touches the hy- 
perbola: for if not, let another ftraight 
line t5ouch the hyperbola in the point D ; 
this other ftraight line will bifeA the 
angle FDG, which, by the hypothefis^ 
is bifedled by DE j which is abfurd. 
The demonftration here might have been 
fimilar to the fecond demonftration in 
prop. XI, Bt 2. 



PROP. 
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PROP. XXXVn. Prob. 



Two ftraight lines AB, CD which 
bifcft each other at right angles 
in the point E, being given in 
pofition and magnitude ; to de- 
fcribe the oppofite hyperbolas 
of which they may be the axes, 
and of which either of them 
. AB may be the tranfverfe axis. 

Join AC, and from the point E place in 
AB produced two ftraight lines EF, EG^ 
each of them equal to AC ; then, by 
means of a ftring and of a ruler, the 
length of which exceeds that of the ftring 
by a difference equal to AB, defcribe with 
the foci F, G two oppofite hyperbolas; 
thefe will pafs ^through the points A, B, 
and CD will be their fecond axis. 

For if the hyperbola paffes not through 
A, let it pafs, if poffible, through H ; the 
excefs, therefore, of HG above HF is e- 
qual to the excefs of the length of the ru- 
ler above that of the ftring, that is, by 
conftrudion, to the ftraight line AB : but 

lince 



\^•^u 
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fince BG is equal to AF, the excefs of AG 
above AJ 15 equal to the fame AB ; which 
is abfurd : the hyperbola, therefore, paffes 
through A : and in like manner it may 
be £hewn that it pafles through B, Again, 
Q D are the extremities of the- fecond 
axi? : for if C be not one of its extremi- 
ties^ let the' point K, on the iame fide of 
the centre on which C is, be one of them ; 
tjicreforc' KA being, joined will be equal 
[6. deif, 3,] to EF ; and, by conftrucStion, 
CA 15 equal to the fame EF ; therefore KA 
is equal to CA : which is abfurd. 

D E F. xm. 

Fig. 22. If upon two ftraight lines Aa^ B^, which 
bifedl each other at right angles, two op- 
pofite hyperbolas AG, ag be defcribed, 
and upon, the fame ftraight lines other 
two oppofite hyperbolas BK, bk be defcri- 
bed, fd that B^, the tranfverfe axis of the 
latter hyperbolas, may be the fccond axis 
of the former, and that A^, the ftcond 
axis of the latter, may be the tranfverfe 
axis of the former ; thefe four are named 
conjugate hyperbolas. 

f 

PROP. 
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? R O i>. XXXVtil. Th«or. 

The afymptotes of cofijug^te hy- 
perbolas are comttion to * the 

four hyperbolas. 

" , ■■,■>. 

Ijfet there be caajugate hyperbolas the Fig, 22. 
jBccaor which are Aa. Bk and let the 
ftraight lines CD, CE be the afymptotes of 
two oppolite hypeAolas, the traftfverfe 
a^s of which is A«; the fame*ilitiight: 
lines jire the^ nfymptotes of the twp oppo- 
fite. hyjj^rbolas, , ^ the tranf^^erfe . axis of 
which is B^. . 

Through the vertgsf A draw t)AE paral- 
lel to BC, and join' DB, and pi-oduce it to 
Fj therefore, by the loth definition of' 
this book, BC ife equal and patallel to AD ' 
or AE ; BD is therefore equal and parallel 
to CAi and becaufe the triangles FBC, 
CAE are equal and equiangular, BF is e- 
qualto CAj therefore CI), CF^e [loidef.] 
afymptotes of the hyperbola, the tranf- 
verfe axis of which- is B^, and the fecond 
axis A0. 
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PROP. XXXIX; Theor. 

- • - « ' 

If from a point G in one of four 
conjugate hyperbolas, a ibraight 
line GH be drawn parallel to 
EC, one of the afymptotes, and 
meeting the other in H, there 
being drawn from the point K 
in the adjacent hyperbola a 
flraight line EX parallel to ei- 
dier afymptote, and meeting the 
remaining one in L ; the re<^- 
angles GHC, KJLC contained 
by the parallels, and the feg- 
ments of the afymptotes be- 
tween the parallels and the 
centre, are equal. On the con- 
trary, if the point G be in one 
of the conjugate hyperbolas, and 
the point K within the angle 
contained by the afymptotes of 
the adjacent hyperbola, the red- 
angle KLC being at the fame 
I ' time 
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time equal to the re^angle 
GHC ; the point K is in the 
adjacent hyperbola. 

» 

Let A^j Bb be the astes of conjugate hy,^ ttg» %%{ 
perbolas ; join AB, and let it meet the a- 
fymptote CD in M, and draw AD parallel 
to C6 ; then, 0nce BCy AD are equal and, 
parallel, the triangles CBM, ADM are fi- 
milar and equal} and confequently AM^ 
MB arc equal : the redlanglcs AJVIC, BMC 
are therefore equal, and AB is parallel to 
the [2. cor. def. lo. 5;] afymptote EC; 
tberdfor€ the redanglcs GHC, KLC are. 
equal to the redbingles AMC, BMC ; and 
coniequently they are equal to each o^ 

then 

On the contrary, if C be si point in one 
of the conj ugate hyperbolas, and the point 
K be within the angle DCF| and the recft-^ 
angle KLC equal to the redangle GHC, 
with the fame conflruc^ion in other re- 
fpedU flill remaining ; the point K is in the 
adjacent hyperbola : for fince the redtangle 
KLC is equal to GHC, that is, to AMC, 

that is, to BMC, and that B is in the ad« 

£ € jacenC 
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jace?nt hyperbola; the poixit K is ("4. cor. 
i^. 3 . ] itik the fame- hyperbola.- 

^g-23- Cor. I. If a llraight line DE, inter- 
cepted between an hyperbola and one of 
the adjacent hyperbolas, is bife<5lcd by one 
qf. jthe afymptotes, it is pafa^fet to the o- 
ther : for let DE meet the afymptote CG 
in L, and to the other afymptote draw 
t>n, EK parallel to'CG ; then, l^nce DL, 
tE are equal, and that^ BH, £C, EK are 
parallel, HC, CK are equal; and by the 
propofition, the reihngies DHC, ERG are 
equal j DH, EK are therefore equal, and 
tliey are parallel • therefore "h^^ KH are 
par^ltel. ' 

"Cor. 2. IfT5E be 'paraller to the afymp- 
tote KH; DL, LE are equal: for by the 
propofition, the' redtangles DLG, ELG are 
equal. . ' ' . 

' C0R/3. If, la%, DE be parallel to the 
afymptote HK, ^nd DL, LE being equal, 
thr jioint D be in one of thW hyperbolas ; 
the point E • is in^the adjacent * hyperbda : 
^r fince DL, LE are equal, the rc^angled 
DLC, ELG are equal ; therefore, by the* 
propofition, E is in the adjacent hyperbo*' 

PROP. 
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PROP. XL. [Pr^p. 30. B. %. Jpoll.] . 

s. I 

If 9 ftraight line touch one of 
four conjugate hyperbolas, and 

■ through tlieir centre two ftraight 
, lines be dra\vri, the one nieeting 
the hyperbola in the point of 
contad:, and the other parallel 
tQ the tangent, and meeting 
one of the adjacent hyperbolas ; 
this other ftraight line drawn 
parallel to the tangent, is thq 
half of jthc fecond diameter con-: 
jugated to the tranfverfe diame- 

- ter drawn through the point of 
• contaA : and, on the contrary, if 
half a fecond diameter be drawn 
conjugated to the tranfverfe diai 
meter drawn through the point 
of contad;, its extremity is iu 
' the adjacent hyperbbla. ' 

• hct there be conjugate hyperbolas the Eg. 23. 
afymptotes of which are CO, CF, and let 

E e a MF 
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MF touch one of the hyperbolas in Dj 
join CD, and draw CE parallel to MF, and 
pfieeting in the point E the hyperbola ^djpr 
cent to that in which D is ; CE is the hal^ 
of a fecond diameter conjugated to CD. 

Through the points D, E draw die 
(Iraight line* DH, EK parallel to the a- 
fymptote CG, and meeting the other a^* 
fymptote in H, K : then, fince the (Iraight 
line MF touches the hyperbola in D, MD, / 
PF are equal; therefore GH, HF are e- 
qual ; therefore the re<Stangle DHF is equal 
to the re<5tangle PHC, that is, by the pre- 
ceding propoiition^j to the r^<5langle EKC ; 
and fince the triangles EKC, PHF arc e- 
quiangular, EK is to DH as KC to HF ; 
therefore the fquaro of EK is to the iquare 
pf DH, as the rcK^angle EKC to the red-* 
^ngle DHF :. b\it the reaangles EKC, DHF, 
9S has htqT\ prqved, arc equs^l j therefore 
the fquares of EK, DH are equal ; and 
therefore EK, DH are likewife equal ; con- 
fequently EC, DF are [26. i. Elem*! cqual,^ 
and they are parallel ; therefore CE ib half 

[i I. def. 3.] the fecood diameter conjyga- 
ted tQ CD. 

If, on the contrary, CE (the fame con- 

|tru<J^iw remaiping) b? tatf the fecond 

--' diameter 



Bookin. The Hyperboi.a. 221. 

disiineter conjugated to GD,. its extremity pg. aj^ 
E is in the hyperbola adjacent to that 
where the point D is : for CE is equal and 
[li. def. 3.] parallel toDF, and EKis pa- 
rallel to PH; confeqnently the triangles 
EKC, DHF are [26. i. Elem.] equal; KG, 
confequently, is equal to HF or HC, and 
EK to DH : and tor this reafon, the red- 
angle EKC is equal to the reaangle DHC, 
and the point D is in the hyperbola, and 
the point E is within the angle adjacent to 
that within which this hyperbola is defcri- 
bed ; the point Ej therefore, is in the ad- 
jacent hyperbola (by part 2. o£ the prece- 
ding.]. 

Cor, I. If CD be half a tranfverfe dia-' 
meter, and CE half the fecond diameter 
conjugated to Cp in the hyperbola AD ; CE 
is a tranfverfe, and CD a fecond diameter 
conjugated to CE ia the adjacent hyperbo- 
la BEi 

DE and ME being joined, let ME meet 
the other afymptote CF in P ; then, fince 
DE is [2. cor. def. 1 1. 3.] parallel tg CF, and 
that MF is bifeaed in D, MP is bifefted 
in E, and the point E is in the adjacent 
, Jiyperbola j therefore MP touches that hy* 
a perbola: 
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perbola : and CD is equal and parallel to 
ME; for GE, MD:are equal and parallel ; 
therefore CD is the fecond diameter eonju* 
gated to the tranfverfe diameter CIE in the 
[ 1 1 , dcf.] hyperbola BE, 

Cor. 2, The fame conftru<5lion ftill re- 
maining, the (Iraight line which joiiis the 
centre C, and the point of concourfe M 
of the UBgents DM, EM, drawn through 
the vertices of the conjugate diameters, is 
an afymptote : for if CM be not an afymp- 
tote, let CQ^, meeting DM in Q^, be 
one J CE, therefore, is equal to -DQ_; but 
the fame CE is equal to DM ; becaufe 
DMEC is a[ii.def.] parallelogram; DQ^ 
and DM are therefore equal : which is ab- 
furd. 



PROP. XLI. Theor. 

If from the extremity of a fecond 
diameter of an hyperbola a 
ftraight line be drawn parallel 
to any tranfverfe diameter, and 
meeting the fecond diameter 
conjugated to this tranfverfe; 

the 




OF 
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the fquare of the parallel is to 
the reftangle contained by the 
fegments (of the diameter which 
the parallel meets) intercepted 
between the parallel and the 
vertices of the diameter met, as 
the fquare of the tranfverfe dia* 
meter is to the fquare of the fe- 
cond diameter conjugated to it : 
And if from the extremity of a 
fecond diameter a ftraight line be. 
drawn parallel to any other fe- 
cond diameter, and meeting the 
tranfverfe diameter conjugated 
to this other fecond diameter; 
•' the fquare of the parallel^ is to- 
the fum of the fquares of half 
the tranfverfe diameter and the 
fegment (of the tranfverfe) in-, 
tercepted between the centre 
and the parallel, as the fquare 
of that other fecond diaineter 

ii 
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is to the fquare of the trahfverfe 
diameter conjugated to it* 

Fig. 24. In the firll cafe, let there be an hyper- 
bola, the tfarifverfe diameter of which is 
DCrf, and let KC)& be the fecond diameter 
conjugated to DG/, and let CB be any q- 
thcr fecond diimeter, and from its extre- 
mity B draw a ftraight line parallel to the 
tranfverfe diameter CD, and meeting in L 
the fecond diameter conjugated to CD ; the 
fquare of BL is to the re(flangle KL* as the 
fquare of DJ to the fquare of Ki. 

For the points B, K, k^ which are the 
extremities or vertices of the fecond dia- 
meters, are in the adjacent hyperbolas; 
the tranfverfe diameter of which Ki is con- 
jugated to the fecond [i. cor. 40. 3.] dia- 
meter D^ J therefore the fquare of BL is 
to the redtangle KL^ as the fquare of Di 
to the fquare of K^ [28.. 3.]^ 

As to the fecond cafe, it is demonftra-* 
ted in the very fame manner from the 
a 9th prdpofition of this book, 

CoR/ If from any point A of an hyper- 
bola AD a ftraight line AM be drawn or- 
dinatcly applied to the right diameter Ki, 
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and from B, an extremity of any fecond 
diameter GB to the fame Kky i flxaight 
line BL be drawn parallel to AM; the 
fquare of BL, is to the fquare of AM, as the 
recflangle KL^ is to the fum of the fqnarcs 
:of the femidiameter KG tod the fegment 
CM betweien the centre and the ordinate. 
This is evident from the propofition, and 
from the 29th of this book. 

But if from iaiiy poiiit A of ail hyperbo- 
la AD a ftraight line AE be drawn brdi- 
nately applied to the tranfverie diameter 
D J, and from the extremity B of the fc- 
jcond diaineter to the fame D^ a ftraight 
line BF be drawn parallel to AEj the 
fquare of BF is to the fquare of AE, as the 
fum of the fquares of the femidiameter 
CD, and the fegment CV^ between the 
^centre and BF, is to the redUngle DEJ". 
This is dcmonftrated from the propofi-» 
tioin, and frpin the 28th of this book. 
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PROP. XLII. TflEoR. 

Fig. J4" If from the extremity B of a fe- 

cond diameter CB a ftraight line 
BF be drawn parallel to ftraight 
lines ordinately applied to any 
diameter D^/, and BH be drawn 
parallel to the diameter CA, 
which is conjugated to CB, and 
meeting the diameter IX/ in H ; 
the femidiameter CD is a mean 

proportional .between CF and 
CH. 

For die extremity B of the fecond diame- 
ter is ,in the adjacent hyperbola, and CA 
is a [i. cor. 40. 3.] fecond dianieter of that 

adjftcedt hyperbola ; therefore BH toiiches 
the iiame [1 1, def.] ; and therefore CF^ CD, 
CH are l;^^. 3.] proportionals. 

Cor.* The 35th propofition is equally 
true when accommodated to this cafe. 

P R 6 P. 
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PROP. XLIII. Theor. ; 

If from the extremities of two eon- 
jugate diameters -of an hyperbo- 
la ftraight lines be drawn ordi- 
nately applied to any third tranf- 

verfe diameter j the fquare of 
the fegment (of the third dia- 
meter) intercepted between the 
centre and the ordinate drawn 
from the extremity of the tranf-< 
verfe diameter, is equal to the 
fquare of the ' fegment of the 
fame third diameter between 
the centre and the ordinate 
drawn from the extremity of the 
other of the conjugate diame- 
ters, together with the fquare 
of half the third diameter ; and 
the fquare of the fegment (of 
the third diameter) intercepted 
between the centre and the or- 
dinate drawn from the extremis 

t 

F f 2 ty 
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* 

ty of the fecond diameter, is e« 
qual to the re<^angle contained 
by the f<?gment5 (of the third 
dianaeter) between the ordinate 

. . drawn f roin . the, extremity of the 
pther of the conjugate diame-r 

ters and the vertices of the fame 

third diamete?", 

F"?^ ?4* Let there be oppofite hyperbolas, in 
which CA is the half of a tranfverfe dia- 

< 

meter, and let CB be the fecond diameter 
conjugate to CA, and let Dd be any other 
tranfverfe diameter, ax\d from the extre- 
niities A, B dr^w AE, BF ordinately ap- 
plied to P^; the lijuare of EC is equal to 
the fquare of EC together with the fquare 
of CD ; and the fquare pf EC is equal to 
^he redangle DE^ 

To the diameter D4 draw AG parallel 
to BC, and BH parallel to AC ; therefore, 
becaufe of the parallels, the triangles GAG, 
HBC are equiangular ; and fince AE, BF 
^re parallel, CAE, HBF are alfo equiangu-? 
lar; CE, confequently, rs to HE fis CA 
%Q BH, that is, as CG to. CH : and fincQ 

CD 
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CD is a mean proportional both between 
GE and CG^' and between CF and CH 
[3^. and 42. 3.], CF is to CE as CG to CH; 
and therefore CF is to CE as CE to HF ; 
confequently the fquare of CE is equal to 
the rccSlangle CFH : but the redangle CFH 
is equal to the fum of the fquares of CF, 
CD ; confequently the fquare of CE ^s e^ 
qual to the fum of the fame fquares of CF, 
CD : take the fquare of CD from each of 
thefe equals, and there will remain' the 
r^dlangle DE^ equal to the fquare of QF. 

Con, Hence the. femidiameter CD, to 
which the ordinates are drawn, is to the 
conjugate femidiameter CK, as the diftance 
between the one ordinate and the centre is 
to the remaining ordinate : for the fquare 
of CD is to the fquare of CK as the red- 
angle DE J is to the fquare of EA, tha^ is, 
according to the propofition, as the fquare 
of CF is to the fquare of EA j and there- 
fore CD is to CK as CF to EA. Again, be- 
eaufe the fquare of CD is to the fquare of 
CK as the fum of the fquares of CF, CD to 
the fquare of BF, that is, by th? propofi- 
tion, as the fquare of CE to the fquare q£ 
gF; CD is to CK as CE to BF. 

P II O P, 
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PROP. XLIV. Theor. 

The excefs of the fquares of any 
conjugate femidiameters is e- 
qual to the excefs of the fquares 
of the halves of the axes, if the 
conjugate diameters be unequal : 
and if any one diameter be Cr 
qua! to its conjugate, any other 
diameter is alfo equal to its con- 
jugate; and in this cafe, the 
angle contained by the afymp- 
totes is a right angle. 



Tig^ 24. , Let CA, CB be conjugate femidiameters^ 
and CD, CK the halves of the axes, and from 
A, B draw the ftraight linesj AE, AM a^d 
BF, BL ordi.nates to die axes j therefore the 
excefs of the fquares of CA, CB ig equal 
to the excefs, by which the fum of the 
fquares of CE, EA differs from the fum of 
the fquares of CL, LB: bytf, by tj^ pre- 
ceding, the fqviare of CE is equal to the 
fum of the fquares of CF, CD ; aiid by the 

fame propofitioa,^ the fqijare o/CL 15 equal 

ta 
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to the fum of the fquares of CM, CK; 
therefore the excefs df the fquares of GA, 
CB is equal to the excefs by which the fum 
of the fquares of CF, CD, EA differs from 
the lum of the fquares of CM, CK, LB ; 
and the fquafes of CF, X.B are equal ; as 
alfo the iqiiarcs of E A, CM : therefore, if 
thefe equals be taken away, the excefs by 
which the fum pf the fquares of CF, CD, 
E A differs frbm the fum of the fquares of ' 
CM, CKi LB, is equal to the excdfs by 
which the fquare of CD . differs . from the 
fquare of CK ; and therefore the excefs of 
the fquares of CA, CB is equal to this fame 
excefs. 

Otherwife r Let AB, AC be the halves pig, ^5. 
of any two tranfverfc diameters in an hy- 
perbola, AD, AE the afymptotes ; and 
draw the ftraight lines BD, CE touching 
it in the points B, C, and meeting the i- 
fymptotes in D, E ; therefore, by the i ith 
def, and prop. 30. of this book, BD is e^ 
qual to half the fecond diameter conjuga-* 
ted to AB ; and CE, in like manner, is e- 
qual to half the fecond diameter conjugate 
to AC : it is to be proved, that the excefs 
of the fcjuareis of AB, BD is equal to the 

* excefs of the fquares of AC, CE. ^ - 

Through 
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Throvigh the points B, C draw. BF, CU 
parallel to the afymptotes, and BG, CK 
perpendicular to them : therefore the redl- 
- angles AFB, AHG are equal [ i . cor. 16. 3.]; 
and, of confequence, AF is to AH as HC 
to FB, that is, fince the triangles are e- 
quiangular, as HK to FG ; confequently 
the redangks AFG^ AHK arfe equal, and 
their quadruples are equal : and iince, 
through the point of contadl B, a ftraight 
line BF is drawn parallel to the afymptote 
AE ; DF, FA are equal ; confequently DG 
is equal to AF, together with FG : and 
hence four [8, 2. Elem.] times the redangle 
AFG is equal to the excefs of the fquares 
of DG, G A, that is, firice the triangles 
DGB, AGB are right-angled, to the excels 
of the fquares of DB, B A. It m^ y in the 
fame manner be fhewn, that four t^mes 
the redangle AHK is equal to the excefs of 
the fquares of EC, CA ; and four times 
the rectangle AFG, as hath been proved, 
is equal to four times the redlatigle AHK j 
confequently the excefs of tij;^ fqUares of 
DB, BA is equal to the excefs of the fquares 
ofEC,CA, 

But if in an hyperbola any tranfverfc 
diameter AB ii^ equal to the fecond diame- 
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ter BD conjugated to it, any other tranf- 
veric diameter in the fame hyperbola is ai-? 
fo^ual to its conjugate fecond dianiqter^ 
and the angle contained by the afymptote^ 
is a right angle : for fince DB, BA, and 
DF, FA are equal, and BF common, in 
the triangles DBF, ABF ; the angle BFD, 
and of confeqiience the angle EAD, is a 
right angle; and fince EAD is a right 
angle, the angle CHE is alfo a right angle; 
and EH, HA arc equal, and CH common j 
therefore EC, CA are equal. 

* • 

PROP. XLV. Theor. 

If through the vertices of two 
conjugate diameters four ftraight 
lines be drawn touching conju- 
gate hyperbolas, the parallelo- 
gram formed by them is equal 
to that formed by the tangents 
drawn through the vertices of 
any other two conjugate diame-» 
ters. 

Let AB, CD be conjugate diameters, and Fig. zS. 

G'g through. 
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through their vertices draw tangents, meet-* 
ing each other in K, L, M, N; and let EF, 

GH be any other conjugate diameters, and 
through the vertices of thefe draw tangents^ 

meeting each other in O, Pj Q^, R ; the 
figures KLMN, OPQR are parallelograms, 
and equal. 

Let S be the centre of the hyperbola } 
and fince both KN, LM, and ^fCL, MN are 
[3. cor. 23. 3.] parallel, the figure KLMN 
is a parallelogran^. For a like reafon, 
OPQR is a parallelogram : and finc^ AK, 
CK touch the hyperbolas in the vertices 
of conjugate diameters, : the point R where 
they njeet is in an afymptote ; and the reft 
of the angles, as may be proved in lifce 
manner, of the^ parallelograms, have their 
vertices in the afymptotes : thei^efore the 
afymptotes are the diagona,lS of the paral* 
lelograms ; confequently the parallelo- 
gram KLMN is the quadruple of the tri- 
angle KSN, and the parallelogram OPQR 
the quadruple of the triangle OSR : but 
the triangles KSN, OSR are equal, becaufe 
the redlangles KSN, OSR are equal [25th of 
this book, and 15. 6. Elem.]; therefore the 

j^arallelograms KLMN^QPQR are alio e- 

quaL 
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qual. This propofition might ^Ifo hav* 
beca demonflrAted Uke prop. zo. B. 2. 

PROP. XLVI. Theor. 

Jf two conjugate diameters • of anj 
hyperbola, meet a ftraight linQ 

- touching the hyperbola, the 
reftangle contained by the feg^ 
ziients (of the tangent) inter- 
cepted between the point of 

contad: and the conjugate dia* 
meters, is equal to the fquare of 
the femidiameter conjugated to 
that diameter which pafles 
through the point of conta<^. 

Let ACB, DCE be two conjugate dia- Fig, ifi 
meters, and let a ftraight line which touch- 
es the hyperbola in F meet them in the. 
points G, H, and let CK be the femidia- 
meter conjugated to CF; the redlangle 
GFH.is equal to the fquare of CK; 

From the points F, K draw to AB the 
ftraight lines FM, KL parallel to DE : then, 
}>€caufe of the parallels, CM is to MC as 

G g 2 GF 
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GF to FH ; confequently the redlanglei 
GMC, GFH are fimilar: and becaufe the 
triangles GMF, CLK are equiangular, 
GM is to GF as CL to CK; therefore the 
redangles GMC, GFH, and the fquares 
of CL, CK, which are four fimilar redli- 
lifaeal figures, are proportionals, being fi- 
milarly defcribed upon the four -propor- 
tional llraight lines GM, GF, CL, CK : but 
the recflangle GMC is equal to [35. 3 J the 
rectangle AMB, that is, to the [43. 3.] 
fquare of CL ; therefore the redlangle GFH 
is equal to the fquare of CK. 



PROP. XL VII. Theok. 

If from a point of an hyperbola a 
ftraight line be drawn ordinate- 
ly applied to a tranfverfe diame- 
ter, the redangle contained by 
the fegments (of the diameter) 
intercepted between its vertices 
and the ordinate, is to the 
fquare of the fegment . (of the 
ordinate) intercepted between 
the hyperbola and the diameter, 

as 
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' as the diameter is to its /atus 
reSlum ; and if a ftraight line be 
drawn prdinately applied to the. 
fecond diameter of the tranf- 
verfe, the fum of the fquarcs of 

1 

half the fecorid diameter, and 

« 

of its fegment between the or* 
dinate and the centre, is to the 
fquare of the ordinate, as the fe- 
cond diameter is to its latus^ 

' re6ium. 

There being a tranfverfe diameter AB, Fig. 25. 
DE the fecond diameter conjugated to it, 
AH the latus reftum of AB, and FG drawn 
from the point F in the hyperbola, fo as 
to be ordinately applied to AB ; the redl- 
angle AGB is to the fquare of FG as AB 
to AH : and FK being drawn ordinately 
applied to DE ; the fum of the fquares of 
CD, CK is to the fquare of FK as DE to 
its latus re£iiim L. 

Cafe I . Since AB, DE, AH are propor- 
tionals, AB is to AH as the fquare ofAB 
^ to the fquare of DE, that is, as the rect- 
angle AGB to the fquare bf FG. ^ ^ 

Cafe 
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. Cafe 2. And fince DE, AB, L are- pro- 
portionals, P£ is to L as the fquare of D£ 
is to the i^uare of AB, that is, as the Aiia 
of the fqnares of CD, CK is to the iqoard 
ofKF. 

PROP. XLVni. Theor. 

ig. 28. If from a point F in an hyperbola 
a ftraight line FG be ordinately 
applied to a tranfverfe diameter 
AB, and from the vertex df 
that diameter a ftraight* line AH 
be drawn perpendicular to AB, 
and equal to its laius return ; 
the fquare of the ordinate is e- 
qual to the rei^angle applied to 
the /atus reSlum \ which re£k- 
angle has for its breadth the 
abfciffa between the ordinate 
and the vertex:, and exceeds by 
a figure fimilar, and fimilarly fi-» 
tuated, to that which is con- 
tained by the diameter and the 

lotus reSlum, 

BH 
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BH being joined, GM drawn from the 
point G parallel to AH, and meeting BH 
in M, and MN drawn through the point M 
parallel to AB, and meeting AH in N; 
the reftangles MNHO, BAHP arc cx)mple- 
laed. 

Then fince the rcdlangle AGB is to the 
ifquare of FG, as AB to AH^ that is, as 
GP to GM, that is, as the rectangle AGB 
to the rectangle AGM • AGB is to' the 
fqnart of GF as the fame AGB t6 the fed- 
angle AGM ; therefore the fquare of GF 
is equal to the redangle • AGM j which 
having the abfcifla AG for its breadth, is 
applied to the latus return AH, and ex- 
ceeds the reiflangle HAGO by the redlangle 
MNHO fimilar to BAHP. From that 
fquare's being equal to the exceeding 
redangle, Apollonius named the curve 
line which is the fubjedl of this third 
book^ the hyperhola. . 

Co R. It is evident, that the fquare of 
G? would be equal to the redlangle AGM|^ 
thopgh AH wei^ not at right angles to AB« 

« 

PROP, 
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PROP. XLIX. Prob. 

ig.29. .A ftraight line AB being given in 

pofition and magnitude, and a 
point F being given ; to defcribe 
an hyperbola, of which AB may 
be the tranfverfe" axis, and 
which may pafs through thq 
point F ; but the given point 
fnuft be fo fituated, that a per- 
pendicular drawn from it to- 
wards AB may fall upon AB 
produced. 

Draw FG at right angles to AB, and 
find a ftraight line DE fuch, that the 
Iquafe of AB may be to that of DE as the 
redlangle AGB to the fquare of FG : let 
AB, DE bifedl each other at right angles; 
then, with AB, DE as axes, and making 
the foriner'the tranfverfe axis, defcribe an 
t37* 3-1 hyperbola AF; this Iryperbola wiH 
•pafs [2. cor. 28, 3.] through the point F. - 



PROP. 
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PROP. L. Prob. 

A flraight line DE being given in Fig. 29. 
poiition and magnitude, and a 
point F being given ; to defcribe 
an hyperbola, of which DE may- 
be the fecond axis, and which 
may pafs thtough F» 

I 

Bifedl DE in C, and draw FH perpen-^ 
dicular to DE, and find a ftraight line 
AB fuch, that the fquare of DE may be 
to that of AB as the fum of the fquares 
of CD, CH to the fquare of FH ; let DE, 
AB bifedl each other at right angles ; 
then with the axes AB, DE, and making 
the former the tranfverfe axis, defcribe 
[37. 3.] an hyperbola ; this hyperbola will 
" pais through the point F [2. cor^aQ. 3.}. 



H h PROP. 
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' PROP. LI. 

Of all tranfverfe diameters in an 
hyperbola the tranfverfe axis is 
the leaft; and the angle con- 
tained by any other tranfverfe 
diameter, and a tangent drawn 
through its vertex, is lefs than 
a right angle. 

Fjg,29, Let there be an hyperbola, CA the half 
of its tranfverfe axis, and CF the half of a- 
ny other diameter ; from F, the vertex of 
(^F, draw FG perpendicular to the axis 
CAj therefore CF is greater than CGj 
and confequently much greater than CA : 
Draw a ftraight line touching the hyper- 
^ bola in the point F, and meeting the' axis 
CA in K ; and fince the angle CFG is a- 
Cute^ CFK muft be ftill more acute. 



PROP, 



Book in. The Hyperbola* 243 



PROP. LII. PROB. 

Of an hyperbola AF given in po- 
fition, to find a diameter, the. 
centre, the axes, the afymp- 
totes, and the focL 

Draw two parallel ftraight lines, and let 
them be terminated both ways by the hy-* 
perbdla.5 and the ftraight line which bi-* 
feds them is a [3. cor. 31. 3.J diameter; 
aiid any other diameter may be found in 
the fame manner ; and the point where 
two diameters thus found meet each o-* 
ther is the [4. def. 3:] centre. But if two 
Oppofite hyperbolas be given in pofition, 
the point which bifedls the diameter firft 

found is the centre. 

Take in the hyperbola any point F, and Fig* 29, 
from the centre C draw CF, and from the 
centre C, with the diftance CF, defcribe 
a circle ; if this circle meet the hyperbola 
no where but in the point F, CF is the 
leaft of the tranfverfe diameters, and is, 
confequently, the tranfverfe axis : but if 
the circle meet the hyperbola again in an- 
other point L, join FL, and let it be bi- 

H h 2 feded 
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fecfted in the point G ; join alfo CG, and 
let it meet the hyperbola in A j CA is half 
the tranfverfe axis : For unce FG, GL arc 

equal, FL is ofdiriately applied to the dia- 
meter CG ; and confequently a ftraight line 
which is. drawn through the vertex A pa- 
rallel to FL touches the hyperbola [32. 3.]; 
and the afagle contained by this tangent, 
and the diameter CA, is a right angle, for 
the angle FGA is a right angle ; therefore,* 
by the preceding propofition, CA is the 

tranfverfe axis. 

Next, in order to find the fecond axis^ 
draw through the centre C a ftraight line 
at right angles to GA^ and in that ftraight 
line take CD, and let the fquare of CA 
have the fame ratio to that of CD which 
' the redangle EGA has (CB being made 
equal to CA) to the fquare of GF ; CD 
. will be the fecond axis^ as is evident from 
prop. 7. of this book. 

Laftly, . having found the axes, find the 
afymptotes from def. 10. 

But if two oppofite hyperbolas be given 
in pofition, the afymptotes may be found 
more eafily in this manner. Draw through, 
the centre C any tranfverfe diameter AB ; 
draw likewife a ftraight line parallel to AB, 

and 



Bookim The Hyperbola. ^45 

and terminated in the hyperbolas in the 
points O, P ; and to the ftraight line OP 
apply, on both fides, a redlangle equal to 
the fquare of GAj and deficient by a 
fquare ; which is poflible, fince CA is left 
than the half of OP [4. cor. 15. 3;] ; and 
let Q^, R be the points of applicatidn ;. 
CQ^i CR, when joined, will be the a-' 
fymptotes [3 cor. 15.3.]. The foci are 
found in the manner mentioned in the 
57th propofition, 

PROP. LIII. Prob. 

The afymptotes of an hyperbola 
being given in pofition, and a, 
point in it being given ; to find 
the axes of the hyperbola, and 
to defcribe it. 

Let AC, BC be the afymptotes given In Fig. 30. 
pofition, and D be the given point. Srfp- 
pofe the problem folved, to wit, let FCE, 
CCEt be the axes, the former of which, 
as it is within the angle ACB, in which 
the point D is, muft be the tranfverfe 
axis : Draw through E a ftraight line pa- 
rallel 
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rallel to GH, and let this parallel meet 
the afymptotcs in the points K, L ; confc- 
quently KL is equal [10. def. 3.] to GH, 
^nd is bifecled in E : and fince in the tri- 
angles KEC, LEG, KE, EL are equal, and 
the angles at E right angles ; the angles 
ECK, ECL are equal : but the angle KCL 
is given ; confequently its half KGE is gi-^ 
ven : and KG, and the point C, are given 
in ppfition ; confequently CE is given 
[29. dat.J in pofition : through the given 
point D let DMN be drawn parallel to CE, 
and let it meet the afymptotes in M, N ; 
DN is therefore given in [28. dat.] pofi- 
tion, and the points M, N [25. dat.]; 
therefore DM^ DN are given in magnitude 
[26. dat.] ; the redlangle MDN is confe- 
quently given in magnitude: but the 
fquare of CE is equal to this rectangle 
[i. cor. 1 5. 3.] ; the fquare of CE is, there- 
fore, given in magnitude; and confe* 
quently CE is given [^^^ dat.] in magni- 
tude ; but, as hath been proved, it is alfo 
given in pofition ; the point E, therefore, 
and the flraight line KEL, are [27. 29. 
dat.] given in pofition ; and confequently 
KEL is given in magnitude, becaufe CA, 
CB are given in pofition : and GH is pa- 
rallel 
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rallel and equal to KL ; confequently GH 
is given in magnitude ; but it is alfo given 
in pofition, becaufe G is given, which bi- 
k£i% it ; the axes, therefore, EF, GH are 
given in pofition and magnitude; there- 
fore the hyperbola may be defcribed by 
prop, 37. of this book. 

■ The compofition is as follows. Let the 
angle ACB be bifeded by the ftraight line 
CE ; and having drawn DMN parallel to 
CE, make the fquares of CE, CF each of 
them equal to the reftangle MDN ; and 
through E draw KEL perpendicular to 
CE, and meeting the ftraight lines AC, 
CB in the points K, L ; and through C 
let GGH be drawn equal and parallel to 
KEL, fo that at the fame time it may be 
bifeded in C : then, with the axes EF, GH, 
and making the former of them the tranf- 
verfe axis, defcribe an hyperbola; AC, 
BC will be its afymptotes, and it will pafs 
througfi the point D : for fince, by con- 
ftruiSlion, KEL is equal and parallel to the 
fecond axis GH, and is bifedled in E ; CK, 
CL are [def. 10.3.] the afymptotes, and 
the redlangle MDN is equal to the fquare 

of CE ; the point D, therefore, is in the 
Jiyperbolat , • 

And 






• 
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And the afymptotes AC, BC being g^- 
ven, and a point D of an hyperbola, as 
many points of that hyperbola, or of the 
oppofite hyperbola, as may be thought nc- 
ceflary, may be found, by drawing 
through B any number of ilraight lines 
ADB, Daby meeting the afymptotes in A, 
B, and a^ b ; and taking BO, bo equal to 
AD, oDy in fuch a manner, diat the two 
points D, O, and the two D, Oy may be ei- 
ther both within or both without the 
points A, B, and a^ b ; for the points O, t 
will be [19. 3..] in the hyperbolas. 

PROP. LIV. Prob. 

FifrST. Two ilraight lines ACB, DCE> 

which bifed: each other in C, 
being given in pofition and mag^ 
nitude \ to defcribe two oppo-^ 
fite hyperbolas, which may have 
AB for a tranfverfe diameter, 
and DE for the fecond diameter 
conjugated to AB. 

» 

Suppofe what is required dcHie, and let 

CF, CG be die afymptotes j through A, 

I the 
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die vertex of the tranftstfe diianieter, dra\<r 
^ (baight lint parallel to DE, and let it 
meet the afymptotes in,F, Gj FG^ there*- 
fore,^ is [n. def. 3.] equal to DE, and is 
biie^d in A: but DE is given in magni*- 
tude J therefore FG is given in magnitude ; 
and of consequence its half AF is alfo gi* 
ven in magnitude: but AF is given [28. 
dat.] in pofition^ iince it is drawn through 
a given point A parallel to DE given in po*- 
iition; confequently the point F is [a 7. 
tdatO given : In like manner the point G 
is given ; and the point C is given ; there^ 
fore the afymptotes CF, CG are given in 
pofition,' and the'point A is given in the hy- 
perbola J which may^ therefore, be defcri- 
bed by the preceding propofitioil. 

The compofition is as follows. Thi*ough 
die vertex A of the tranfverfe diameter 
draw a ftraight line FAG equal and paral-;^ 
lei to the fecond diameter D£, and in fuch 
a manner that it ihay be bife^ed in A j 
join CF, CG, and, by the preceding pro- 
portion, defcribe an hyperbola, which 
may have for its afymptotes the ftraight 
lines CF, CG, and which may pafs through 
jthe point A : andj in the fame manner, by 

employing the point B, defcribe the oppo- 

I i fite 
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£te hyperbola ; AB will be a tranfVeri^x 
diameter in thefe hyperbolas, and D£ the 
iecond diameter conjugated to it. 
' For fince CF, CX5 are the afympfotes of 
•the hyperbolas, and that through the pcnnt 
A, in the one of the hypert>olas, diere is 
-drawn a ftraight line FAG, which is bi* 
je(5led in A; FG touches [23, 3.] the hy- 
perbola in A : and D£ is equal and paral- 
lel to FG, and is bifedted in the centre C} 
therefore D£ is the iecond diameter conju- 
gated [i I. dcf. and 30. 3J to the tranfyerie 
diameter AB« 

PROP. LV. Prob/ 

The pofition and magnitude of a 
diameter of an hyperbola being 
given, and the pofition being gi- 
ven of a ftraight line which is 
ordinately applied to that dia- 
meter from a given point of the 
hyperbola; to defcribe the hy- 
perbola. 

Cafe I. When the given diameter is • 
tranfverfe diameter of the hyperbola. 

Let 
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XetABbcth^ gWen tranfverfe diame- Fig, 3^ 
ter, to which a ftraight line HK, given ia 
pofition, is qrcjiqately applied firom a ,gi- 
,ven point H qf the hyperbola ; and let AB 
.be bifeded in C, and through Q draw a 
ftraight Unc iparaUel to HKr i and in that 
ftraight line tabe ,CD and CE equal to each 
other, fq that the redlahgle AKB may be 
to the fquare of HK as the fquare of AG 
to the fquare of GD or GE j andr by thq 
preceding prqpqfition, defcrilje two app9- 
fite hyperbolas, of which AB may be a 
tranfverfe diameter, and DE the fecond 
diameter conjugated to AB ; one of thefo 
hyperbolas will pafs through the point H 
(2. cor. 28. of this book.], 

Gafc 2. When the given diameter is a fe-* 

cond diameter. 

• ♦ 

Let DE be the given fecond diameter, 
p which HL given in pofition, and drawn 
from H, a given point in the hyperbola, is 
ordinately applied ; and let DE be bifecfled 
in G, and through G draw a ftraight line 
parallel to HL, and in that ftraight line 
take GA and GB equal to each other, fa 
that the fum of the fquares of LG, DG may 
be to the :l^uare of HL as the fquare of 
PG to the fquare of AG or GB ; and, by 

I i i the 
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the preceding propofition, dcfcribc two 
oppofite hyperbolas, having AB for a 
tranfverfc diameter, and CD for the fecond 
diameter conjugate to AB : of thefe hyper- 
bolas, the one which lies on the fame fide 
of DE with the point H, will jpai^throngl^ 
the point H [2^ cqr. 29. ^X 

PROP, LVI. Theor. 

Jf a cone cut by a plane through 
the axis, be cut likewife by a 
fecond plane, cutting its bafe 
in the diredion of a ftraight 
line perpendicular to the bafe 
of the triangle through the 
axia; and the common fed:ion 
of the triangle through the axis, 
and the fecond plane, meet, 
without the vertex of the cone, 
a fide of the triangle thj-Qugh 

, the ^xis ; the line which is the 
common fe^tion of the . fecond 
planci and the cQpical furface, 

in 
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is an hyperbola, having for a 
tranfverfe diameter the com-» 
mon fedion of the triangle 
through the axis and the fecond 
' plane. 

Let there be a cone, its vertex the point Fig, 3^ 
A, and bafe the circle BC j let it be cut 
by a plane through the axis, and let the . 
triangle ABC be the fedlion ; let it be cut 
alfo by another plane, cutting its bafe ia 
the direction of the ftraight line DE per- 
pendicular to BC, the bafe of the triangle 
ABC ; and let the fe<flion ihade in the iur- 
face of the cone be the line DFE j and let 
the ftraight line FG, the common fedlioa 
of the triangle through the axis, and the 
Second plane, be produced, and without 
the vertex of the cone, and in the point 
H, let it meet the jGde AC of the triangle 
ABC ; the line DFE is an hyperbola, . 
which has FG for oofi of its tranfverfe 
diameter?. 

For in the fedion DFE take any pqint 

• 9 • 

JC, and through K to FG draw KL pa- 
rallel to PE, aijid through L draw MN 

^ parallel 
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paralkl to BC ; the plane, therefore, 
which pafles through KL, MN is [15. 11. 
Elem.]. parallel to the plane through D£, 
BC, that is, to the bafe of the cone j and 
therefore the [23. i.] plane through KL^ 
MN is a circle, of which MN is a diame- 
ter: but KL is [10. li.Elem.] perpendi- 
cular to MN, becajufe DE is perpendicu- 
lar to BC J the re(flangle, therefore, MLN 
js equal to the [35. 3. Elen».] fquare of 
JCL: and in like manner^ the redtangle 
BGC is equal to the fquare of DG ; the 
fquare of DG is therefore ta the fJ^uare of 
KL as the redangle BGC to the redanglc 
MLN: but BG is ^o ML as FGtoFLj 
gnd GC is to LN a? GH to LH ; there-' 
fore the ratios compounded of thefe ra-* 
tios are the fame to one another ; and 

therefore the redlangle BGC is to [33. 6. 
Elem.] the re<Sangle MLN as the redangle 
fGH to the reiflangle FLH: hence, iA 
like manner, the fquare of DG is to the 
fquare of KL as the red^angle FGH to the 
redlangle FLH : Defcribe, therefore, an 
hyperbola [^^^ 3,], of which FH may be 
^ tranfverfe diameter, and in which DG 
paay be ordinately applied to FH : and 
!a finccj^ 
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fince, by conftru6lion, the point D is in 
this liyperbola, the point K is likewife in 
^^ [3* ^^^* ^^- 3*]« And the fame thing 
may be proved with regard to all the 
points of the fe^ion DEF* 



THE END. 
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